ON A CONJECTURE OF PAPPAS AND RAPOPORT
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ABSTRACT. We prove a conjecture of Pappas and Rapoport about the existence
of “canonical” integral models of Shimura varieties of Hodge type with quasi-
parahoric level structure at a prime p. For these integral models, we moreover
show uniformization of isogeny classes by integral local Shimura varieties and
prove a conjecture of Kisin and Pappas on local model diagrams.
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1. INTRODUCTION

1.1. Background. Fix a prime p. Pappas and Rapoport have recently determined
conditions which uniquely characterize p-adic integral models of Shimura varieties
with parahoric level at p [PR24]. Integral models satisfying these conditions are
called canonical integral models, and Pappas and Rapoport have conjectured the
existence of such models in general. Moreover, they prove the conjecture for Shimura
varieties of Hodge type, under the assumption that the level subgroup K, at p is a
stabilizer parahoric (or connected parahoric). In this article, we prove the existence of
canonical integral models for Hodge-type Shimura varieties with arbitrary parahoric
level at p and, more generally, with quasi-parahoric level at p.

When the level subgroup at p is hyperspecial, a collection of smooth integral
models for a given Shimura variety can be uniquely characterized by an extension
property, similar to the Néron mapping property, see [Mil92], [Mo098]. In this case
Kisin has constructed smooth integral models satisfying the extension property for
Shimura varieties of abelian type [Kis10]. In this article, we are most interested in
the case where the level subgroup at p is (more generally) parahoric in the sense
of [BT84]. In such cases, even the most accessible Shimura varieties (for example,
the Siegel modular varieties) have integral models with complicated singularities, see
e.g., [Rap05], and such models are not so easily characterized.
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The key innovation of Pappas and Rapoport in [PR24], building on earlier work
of Pappas (see [Pap23]), was that integral models of Shimura varieties can be char-
acterized by the existence of a universal p-adic shtuka (in the sense of [SW20]) which
satisfies certain compatibilities. In this article we work in reverse, in a sense. We take
as a starting point the notion that a shtuka should exist over some integral model of
the given Shimura variety at (quasi-)parahoric level, and that such a shtuka should
be compatible with transition morphisms between varying levels. Following these
ideas, we first define a v-sheaf supporting a universal shtuka, which we then show is
the v-sheaf associated to an integral model of the given Shimura variety at parahoric
level. We explain our results and methods in more detail below.

1.2. Main Results. Let (G, X) be a Shimura datum with reflex field E. Let p be
a prime number, let v be a prime of E above p and let E be the v-adic completion
of E with ring of integers Op and residue field kg. We write G = G ® Q, and
let K, C G(Qp) be a parahoric subgroup. For K? C G(A?) a neat compact open
subgroup, we write K = KPK,. We denote by Shg (G, X)/Spec(E) the base change
to E of the canonical model of the Shimura variety at level K over Spec(E).

We will consider systems {7k (G,X)}xr of normal schemes .7k (G, X), flat, of
finite type, and separated over O, with generic fibers Shy (G, X); here KP runs
over all neat compact open subgroups of G(Al}). Pappas and Rapoport give axioms
for such systems, see [PR24, Conjecture 4.2.2], and show that systems satisfying
their axioms are unique if they exist, see [PR24, Theorem 4.2.4]. They conjecture
that systems satisfying their axioms always exist, see [PR24, Conjecture 4.2.2].

The conjecture of Pappas and Rapoport is known when G is a torus, see [Dan22],
and, under the assumption that p > 2, when K, is hyperspecial and (G, X) is of
abelian type, see [IKY23]. It is known moreover when (G, X) is of Hodge type and K,
is a stabilizer parahoric; a parahoric subgroup whose associated smooth affine group
scheme over Z, is a stabilizer of a point in the extended building of G, see [PR24,
Theorem 4.5.2|. Our main theorem extends this result to all parahoric subgroupsﬂ

Theorem I (Theorem {4.2.3). If (G, X) is of Hodge type, then there exists a system
{ZK(G,X)}kr satisfying [PR24, Conjecture 4.2.2|.

Theorem [I| is used in work of one of us (PD) and Youcis, see [DY24], to prove
[PR24, Conjecture 4.2.2| for almost all (and all if p > 5) Shimura varieties of abelian
type. Without Theorem [} the results of loc. c¢it. would have strong restrictions for
Shimura varieties of type D™ in the sense of [Mil05, Appendix B].

We remark that recent work of Takaya [Tak24| also proves [PR24, Conjecture
4.2.2| under the more restrictive assumption that K, is contained in a hyperspecial
subgroup Kz’) of G(Qp), assuming the conjecture holds for K. I’,. Such a K, is necessar-
ily a stabilizer parahoric, so in the Hodge-type case the result of Takaya follows from
the work of Pappas and Rapoport. The results of Takaya therefore do not intersect

n Theorem [4.2.3] we prove an extension of [PR24, Conjecture 4.2.2] to quasi-parahoric
subgroups.
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with ours. We mention also that the methods of Takaya, while similar in spirit to
ours, crucially require smoothness and so they do not apply in our situation.

K (G, X)

(1.2.1) / X

Ik (G, X) Mg .,

where 7 is a G-torsor and ¢ is a smooth, G-equivariant morphism. Here Mg , is the
local model associated to G and pu, see e.g., [AGLR22]. If a diagram as in
exists, then the singularities of .7k (G, X) are (étale-locally) modeled by those of the
(often simpler) scheme Mg ,. When G is a stabilizer parahoric and p is coprime
to 2 - 7 (G9°Y), the existence of a diagram is shown in |[KPI1§| assuming
that G splits over a tamely ramified extension, and in [KZ21|, under the (weaker)
assumptions that G is acceptable and R-smooth (see [KZ21, Definition 3.3.2| and
IDY24] Definition 2.10]).

In [PR24] Section 4.9.1], Pappas and Rapoport construct an analogous diagram at
the level of v-sheaves for any integral model .7k (G, X) which admits a G-shtuka. A
diagram as in (|1.2.1)) which recovers the Pappas-Rapoport v-sheaf diagram is called a
scheme-theoretic local model diagram, [PR24, Definition 4.9.1|. Pappas and Rapoport
conjecture the existence of scheme-theoretic local model diagrams in general, see
[PR24., Conjecture 4.9.2]. When G is a stabilizer (quasi-)parahoric, the existence of
a scheme-theoretic local model diagram follows from results of [KP18| and [KZ21];
we explain this in detail in Appendix [A] In our second main theorem, we prove
the conjecture of Pappas and Rapoport (and therefore the conjecture of Kisin and
Pappas) for many Shimura varieties of Hodge type when G is an arbitrary parahoric.

Theorem II (Theorem [£.3.6)). Let (G,X) be a Hodge type Shimura datum, and let
K, = G(Zy) be a parahoric subgroup of G(Qp). If p is coprime to 2 - m(G) and
the group G is acceptable and R-smooth, then Sk (G, X) admits a scheme-theoretic
local model diagram.

Other recent advances in the theory of integral models of Shimura varieties of
Hodge type that require one to restrict to stabilizer parahorics are Rapoport—Zink
uniformization of isogeny classes and the existence of CM lifts, see [Zho20), Theorem
1.1], |[vanH20, Theorem LII|, [GLX23| Corollary 1.4, Corollary 6.3]. We show that
the proof of |[GLX23|, Corollary 6.3] can be combined with Theorem [I| to prove uni-
formization in full generality, see Corollary We expect that Corollary [1.4.3]can

be used to prove the existence of CM lifts of isogeny classes when G is quasi-split.

1.3. A sketch of the proof of Theorem [I[. From now on, we change our notation
and let G° be a parahoric group scheme which is the relative identity component of
a stabilizer Bruhat—Tits group scheme G, see Section Fixing KP C G(A?), we
will write K = G°(Zy), Kp = G(Zp), and K° = KPK,,.

As usual, to construct integral models of Shimura varieties of level K and K°,

we choose a Hodge embedding (G,X) — (Gy,Hy), where Gy = GSp(V, ) for a
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symplectic space (V1)) over Q. We then choose a lattice A C V ® Q, such that
G is the stabilizer of A, and define /% (G,X) as the normalization of the Zariski
closure of Shx (G, X) in an integral model of the Shimura variety for (Gy,Hy ) at
level K. The arguments in [PR24] show that .#x (G, X) satisfies (a generalization
to quasi-parahoric subgroups of) the axioms of [PR24, Conjecture 4.2.2|. We define
k> (G, X) to be the normalization of .k (G, X) in Shgo (G, X).

1.3.1. The most important part of the axioms of [PR24, Conjecture 4.2.2| is the
existence of a G-shtuka on .7k (G, X), encoded as a morphism of v-stacks (here the
notation (—)%/ denotes a variant of the v-sheaf associated to a Ziyp-scheme, see Section
below, and p is the G(@p)—conjugacy class of cocharacters of G coming from
the Hodge cocharacter and the place v)

Fi(G,X)% = Shtg,.

Yet it is not a priori clear that there is a G°-shtuka on .#k- (G, X), or in other words,
that there is a dotted arrow making the following diagram commutative

Fro(G,X)% s Shtge,

(1.3.1) l l

Sk (G, X)O/ Shtg7u.

In fact, considerations from our companion paper [DvanHKZ24] lead us to believe
that such a diagram exists and is cartesian. A computation of [KPI8| Section 4.3]
suggests that the left vertical map in the diagram should be finite étale.

The rough strategy of the proof now goes as follows: We show that .7k (G, X)O/ —
Shtg,,, and Shtgo ,, — Shtg , factor through an open and closed substack Shtg , s—1 C
Shtg ,. We then show that Shtgo , — Shtg, ;-1 is an étale torsor under a finite
abelian group A, see Theorem [[TI|and Corollary [[V]below. By pulling back this cover
along the map .7 (G, X)%/ — Shtg ,, 6—1, we get an étale A-torsor % — Sk (G, X)%/ .
We show, using a result of one of us (DK) |[Kim24|, that ¢ must be isomorphic
to ,VKo(G,X)O/ over YK(G,X)O/, see Proposition This then implies that
ko (G, X)O/ — Yk (G, X)O/ is an étale A-torsor and establishes the existence of the
dotted arrow in . The resulting diagram is Cartesian, and the rest of the proof
of Theorem [[ is now routine.

1.3.2. Moduli stacks of quasi-parahoric shtukas. The stack of G-shtukas Shtg , is not
as well behaved as the stack of G°-shtukas Shtge ,,. For example the image of

Shtge ,, — Bung

is given by the open substack corresponding to the p~!'-admissible elements
B(G,u™') € B(G) = |Bung|, see Lemma the analogous statement gener-
ally fails for Shtg .

Our first order of business is to show that this failure can be rectified by restricting

to the preimage Sh‘cg:[’“bh of —u? under the Kottwitz map (see [FS21, Theorem
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I11.2.7])
|Shtg .| — [Bung| — m1(G)r,,

see Proposition [3.1.10} Following ideas of [PR22, Section 4|, we show the following
(see Section [3.3|for the notation).

Theorem III (Theorem [3.3.5). There is a finite decomposition

—_h
I Shtge 0, /70(Gs)?] ~ Shtg, & -
5€Hg

For 6 = 1 € Ilg, we have Gs = G°. In particular, this establishes the following
corollary, which clarifies the relationship between the stack of G°-shtukas with one
leg bounded by p with that of G-shtukas. We see that the image of Shtgo ,, — Shtg ,
defines an open and closed substack Shtg ,, 5—1 C Shtg ,.

Corollary IV (Corollary|3.3.7). The morphism Shtgo , — Shtg ,, 5—1 is a torsor for
the abelian group mo(Gs)?.

As explained above, Corollary [[V|allows us to prove that .#x- (G, X)O/ is the fiber
product of yK(G,X)Q/ with Shtge ,, over Shtg ,.

1.3.3. Let us close the introduction with some comments on the proof of Theorem
[ Theorem [[] contains two separate assertions: That there exists a diagram as in
for .7k (G, X), and that the diagram recovers the one of [PR24], Section 4.9.1]
at the level of v-sheaves. Our strategy is to verify both assertions for .#k (G, X), and
then deduce the two simultaneously for .7k (G, X).

Under the assumptions in Theorem , the existence of a diagram is proved
for 7Kk (G, X) in |[KZ21]. Pappas and Rapoport point out that the construction of
loc. cit. provides a scheme-theoretic local model diagram in [PR24], Section 4.9.2].
We verify this statement in Appendix [A]

Given a scheme-theoretic local model diagram for .k (G, X), we obtain in partic-
ular a G-torsor on .Yi- (G, X) by pullback, and we have to show this torsor admits a
reduction of structure group to G°. Such a reduction exists at the level of v-sheaves
by functoriality of the construction, so the crux of the argument is to show that this
arises from a reduction at the level of schemes. This is done in Proposition [4.3.3]

1.4. Outline of the paper. In Section [2] we recall preliminaries on perfectoid ge-
ometry and Bruhat-Tits theory, and we prove a key technical result, Proposition
2.3 In Section [3] we study the moduli stack of G-shtukas for a quasi-parahoric
group G and its relationship to the moduli stack of G°-shtukas for the parahoric
group scheme G° associated with G. This culminates in the proof of Theorem m
Finally, in Section[d] we recall the conjecture of Pappas and Rapoport, and prove our
main result, Theorem [ We close by proving Theorem [T} and proving Rapoport—
Zink uniformization, see Theorem In Appendix [A] we verify that the local
model diagrams of [KP18| [KZ21| give scheme-theoretic local model diagrams in the
sense of [PR24], Conjecture 4.9.2], for stabilizer Bruhat—Tits group schemes.
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2. PRELIMINARIES

2.1. Recollections from [FS21]. We begin by establishing notation and recalling
some definitions from the theory of v-sheaves. For a more comprehensive background,
we refer the reader to [SW20], [FS21], and [PR24] Section 2.1]. Throughout this
section, we let k be a perfect field of characteristic p, and write Perf;, for the category
of affinoid perfectoid spaces over k. If k = ), we will write Perf = Perfﬂ:pﬂ

For any perfectoid space S over IF,,, we write S X Spa(Z,) for the analytic adic
space defined in [SW20, Proposition 11.2.1|. In particular, when S = Spa(R, R") is

affinoid perfectoid, S x Spa(Zy) is given by

S x Spa(Zy) = Spa(W (RT)) \ {[=] = 0},
where [w] denotes the Teichmiiller lift to W (R™) of a fixed pseudouniformizer w in
R, and where W (R™) denotes the p-typical Witt vectors of RT. The Frobenius
for W(R™) restricts to a Frobenius operator Frobg on S x Spa(Z,). By [SW20,
Proposition 11.3.1], any untilt S* of S determines a closed Cartier divisor S* < S X
Spa(Zp). )

For S in Perf, define Ys = S x Spa(Z,) \ {p = 0}. If S = Spa(R, R") we write
also Y(R, RT) for Yg. For any S = Spa(R, R") in Perf, one defines a function (here
| X| denotes the underlying topological space of an adic spaces or v-sheaf)

k1 |S x Spa(Zy)| — [0,00)

by k(z) = (log|[w](Z)|)/(log(|p(Z)]), where & denotes the maximal generalization

of 2 € |S x Spa(Z,)|, see [FS2I, Proposition I1.1.16] for details. For any interval
I = [a,b] C [0,00) with rational endpoints, denote by YV;(S) the open subset of

S x Spa(Z,) given by
Yi(8) = {lpl” < |[@]] < [p|*} € &71(D).
One extends this definition to open intervals in the obvious way. In particular, we

have Vi o) (S) = S x Spa(Z,) and V(0,00)(S) = Y.

2.1.1. By [ES21, Proposition II.1.16], for any S in Perf the action of Frobg on Yy
is free and totally discontinuous. We therefore obtain a well-defined quotient

Xg = Yg/FrobZ,

which is the relative adic Fargues—Fontaine curve over S.

Let G be a reductive group over Q. Following [F'S21], we denote by Bung(.S) the
groupoid of G-torsors on Xg. By [FS21l Theorem II1.0.2], the presheaf of groupoids
Bung on Perf sending S to Bung(.S) is a small v-stack.

2In the literature, Perfy usually denotes the category of all perfectoid spaces over k.
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2.1.2. For a choice of algebraic closure F, of F, we set Zp = W(F,) and Qp =
W (F,)[1/p]. Let o be the automorphism of Q, induced by the absolute Frobenius on
F,. Let B(G) be the set of o-conjugacy classes in G(Qp), equipped with the topology
coming from the opposite of the partial order defined in [RR96, Section 2.3]. The
formation of B(G) is invariant under extensions of algebraically closed fields F,, < F.
Indeed, for such an extension, the natural map G(Q,) < G(W (F)[1/p]) induces a
bijection on o-conjugacy classes.
By [Vie2ll Theorem 1], there is a homeomorphism

|Bung| — B(G).

If 1 is a G(Q,)-conjugacy class of minuscule cocharacters, we let B(G, ') C B(G)
be the (open) subset of ;i !-admissible elements, as defined in [KMPS22 Section
1.1.5]; this defines an open substack

Bung ,-1 C Bung

via [Sch17, Proposition 12.9]. Explicitly, for S in Perf, Bung ,-1(S) consists of
maps S — Bung for which the induced map on topological spaces factors through
B(G,p™1) € B(G) = |Bung|.

2.1.3. For b € G(Q,), we let [b] € B(G) denote the o-conjugacy class of b. We
recall the following result.

Theorem 2.1.4. |[FS21 Theorem I11.0.2] The subfunctor

(0]
G

Bung = Bung X|gung| {[b]} € Bung

is locally closed. Moreover its base change to Spd(TF,) is isomorphic to [Spd(F,)/G),
where G, = Aut(&,) and & € Bung(Spd(F,)) corresponds to b (see [Ans23, Theorem
5.3)).

For any v-stack ¢ on Perf equipped with a morphism % — Bung, we write
b
(2.1.1) ayltl.— o X Bung Bun[G].

2.1.5. If X is a pre-adic space over Spa(Z,) in the sense of [SW20, Section 3.4|, we
let X© denote the set-valued functor on Perf given by

X(8) = {(S% f)}/isom.

for any S in Perf, where S* is an untilt of S and f : S — X is a morphism
of pre-adic spaces. This determines a v-sheaf on Perf by [SW20, Lemma 18.1.1].
For a Huber pair (A4, A*) we write Spd(A, A1) in place of Spa(A4, A)°, and we
abbreviate it as Spd(A) when A™ is equal to the subring A° of power bounded
elements. In particular, Spd(Z,) parametrizes isomorphism classes of untilts, see
[SW20, Definition 10.1.3].

For a formal scheme X over Spf(Z,), we write x4 for the pre-adic space associated
to X as in [SW13, Proposition 2.2.1]. We then write X% as shorthand for (%2)9.
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For a Z,-scheme X, we can attach to it two different v-sheaves, following [AGLR22,
Section 2.2]. If X = Spec(A) is affine, we define v-sheaves X°® and X whose points
on an affinoid perfectoid space S = Spa(R, R1) are

X°(S) = {(Spa(R*, R*"), f : A — R*)}/isom.,
and respectively
X0(S) = {(Spa(R*, R*"), f : A — R*)}/isom.,

where Spa(R?, R™) denotes an untilt of Spa(R, R"), and in each case f denotes a
Zy,-algebra homomorphism

Both (—)° and (—)¢ are compatible with localisations and glue to define func-
tors from the category of schemes over Spec(Z,) to the category of v-sheaves over
Spd(Z,). Following [AGLR22|, we refer to these as the “small diamond” and “big
diamond” functors, respectively. There is a natural transformation

jx X0 — X©,
which is a monomorphism if X is separated over Z,, an open immersion if X is

separated and of finite type over Z,, and is an isomorphism if X is proper over Z,.
The two diamond functors can also be obtained by passing first (suitably) from

schemes to their attached adic spaces. Indeed, if X is a Zj,-scheme, then X°® = ()? )0,
where X denotes the formal scheme over Spf(Z,) given by the p-adic completion of

X. If X is additionally locally of finite type over Spec(Z,), then we denote by X ad
the fiber product

X=X XSpec(Zy) Spa(ZP)

in the sense of [Hub94), Proposition 3.8, and one can check that X¢ = (X2d)0,
Following [PR24] Definition 2.1.9], for a scheme X which is separated and of finite
type over Zj,, we will also consider the v-sheaf X 0/, defined by gluing X° to X(gp

along the open immersion (X°)g, — X<>p7 that is,
O/ — xo O
X = X Uxeyg, X0,

All constructions above extend to schemes over the ring of integers O in a finite
extension I of Q, or Q,. Below we will use these constructions without comment.

2.1.6. We recall the following construction from [SW20]E|.

Definition 2.1.7. A product of geometric points is the adic spectrum of a perfectoid

Huber pair of the form
([IeH=""111e).
el el
where [ is a set, and for each ¢ € I,

3Note that in [PR24], the notation (—)* is used in place of (—)°.

4The operations of applying (—)°

unambiguous.

and basechange to Q, commute, so this notation is

5The terminology first appeared in [Gle20)].
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e (; is an algebraically closed perfectoid field of characteristic p, and
° Cf is an open, bounded valuation subring of C; with pseudouniformizer ;.

Here we give [[; C;' the w-adic topology, where @ = (w;).
We introduce the following definition.

Definition 2.1.8. Let f: F — G be a map of presheaves of groupoids on Perf.

(1) Given a morphism 7' — S in Perf and a 2-commutative diagram of solid
arrows

T F
(2.1.2) l l

-’
-
-

j!

[ g,
we say that f has uniquely existing lifts along T — S if the map
)\fi ]:(S) — .7:(T) XG(T) Q(S)

induced by the diagram ([2.1.2)) is an equivalence of groupoids.
(2) We say f is proper* if f has uniquely existing lifts along every morphism of
the form

]_I 8 1= H Spa(Ci, O¢,) = S == Spa((H CHw™Y, H C)

where S is a product of geometric points in characteristic p.

Lemma 2.1.9. Let f: F — G and g: G — H be maps between presheaves of
groupoids on Perf. Assume g is proper*. Then f is proper* if and only if g o f
is proper*.

Proof. We note that Ay ¢ can be identified with the composition

A idxAg
F(S) = F(I1; 1) %oy, ) 9(8) =2 F(IL; 8i) *u(y, s1) H(S),

and so if Ay is an equivalence, then A is an equivalence if and only if Aoy is an
equivalence. O

Lemma 2.1.10. If a map f: F — G of v-stacks is proper and representable by
diamonds, then f is proper*.

Proof. This is an immediate consequence of [Zha23, Proposition 2.18]. Note that
partial properness is used to produce uniquely existing lifts along [ [, Spa(C;, O¢,) —
[1, Spa(Ci, C;1). O

Lemma 2.1.11. Given a Cartesian square of presheaves of groupoids on Perf
F 2 F
(et
¢ —— g,

(1) if f is proper*, then f’ is proper*, and
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(2) if f' is proper*, and for every product of geometric points S in Perf the map
G'(S) — G(9S) induced by g is essentially surjective, then f is proper*.

Proof. We note that there is a natural commutative diagram

A
FI(S) L= F(I1; 51) gy, s G'(S) — G'(S)

lg’ lg’ X g9 g
A

F(S) === F(IL;i) *g(, ) 9(S) — G(S)

where both squares are Cartesian. It is then clear that Ay being an equivalence im-
plies A being an equivalence. Conversely, if G'(S) — G(5) is essentially surjective,
then all vertical maps are, and hence Ay being an equivalence implies that Ay is an
equivalence as well. O

2.2. Some Bruhat-Tits theory. Let G' be a connected reductive group over Q.
We write I', for the absolute Galois group Gal(@p /Qp), and let I, C I', be the inertia
subgroup. Let m1(G) be the algebraic fundamental group of G, see [Bor98|. Recall
from [Kot97, Section 7|, that there is a functorial and surjective homomorphism

fc: G(Qp) = m (G, -

The map K¢ is called the Kottwitz map, an exposition of whose construction is given
in [KP23| Section 11.5]. Denote the composition of kg with 1 (G);, — m1(G)r, by

kG. We define G(Q,)° to be the kernel of iz and G(Q,)! to be the inverse image
under Ag of the torsion subgroup m1(G), tors of T1(G)1, -

2.2.1. Let B(G,Q,) (resp. B(G,Q,)) denote the (reduced) Bruhat-Tits building of
G (resp. of G@p); it is a contractible metric space with an action of G(Q)) (resp.

G(Q,)) by isometries, see [KP23, Axiom 4.1.1, Corollary 4.2.9]. It also naturally
has the structure of a polysimplicial complex (see [KP23, Definition 1.5.1]) with
facets denoted by F C B(G,Q,) (resp. F C B(G,Q,)). Note that there is a G(Q,)-
equivariant inclusion B(G,Q,) C B(G, Q,) identifying B(G, Q,) with the fixed points
of B(G,Q,) under the Frobenius o, see [KP23, Theorem 9.2.7].

Given a subset Q C B(G,Q,) we consider the pointwise stabilizers G(Q,)?, and
G(@p)%z of © inside of G(Qp)o and G(Qp)l, respectively. Subgroups of the form
G(Qp)gE for a facet F are called parahoric subgroups. Following [PR22, Section 2.2],

we will define a quasi-parahoric subgroup KC@G (@p) to be any subgroup for which
there exists a facet F such that

G(Qp)% = G(Qy)° NStabr € K € G(Q,)! N Stabyg,

where now Stabz is the stabilizer of F in G(Q,) (rather than the pointwise stabi-
lizer).
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2.2.2. For a quasi-parahoric subgroup K there is a unique smooth affine group
scheme G over Zp together with an isomorphism Q(@p = GQp which identifies G (Zp)
with K , called the quasi-parahoric group scheme associated to K. When K is more-
over stable under o, the group G descends canonically to a smooth affine group
scheme over Z,. For example, if F is a facet of B(G,Qy), then the stabilizers G (Qp)of
and G (Qp)l}- are stable under o, and define quasi-parahoric group schemes over Z,,.

2.2.3. For any quasi-parahoric subgroup K C G(@p), there exists by definition a
facet F in B(G,Q,) with G’(@p)o NStabr € K C G(Q,)' N Stabz. Intersecting
with G(Qp)o, we observe that G(@p)of = Kn G(@p)o, and hence the facet F is
in fact uniquely determined by K, since the facet is determined by G(Qp)of, see
[KP23|, Proposition 9.3.25]. The inclusion G(Qp)of < K induces an open immersion
G° — G of smooth affine group schemes over Zp, where G° is the parahoric group
scheme corresponding to G(Qp)%. Moreover, the induced map on the special fiber
G°F, — ng is the inclusion of the identity component, see [KP23, Theorem 8.3.13].

By |[KP23, Corollary 11.6.3], the finite group
70(G) = mo (G, )

can be identified with the image of K in 71(G) 1, tors under the Kottwitz map Rg.

When K is also stable under o, we obtain an inclusion G° — G of smooth affine
group schemes over Zj,. In this case, my(G) is a finite étale group scheme over F,,.

Definition 2.2.4. We say that a quasi-parahoric group scheme G/Z, is a stabilizer
Bruhat-Tits group scheme when G(Z,) C G(Q,) is of the form G(Q,)L for a point

x € B(G,Qyp) (as opposed to x € B(G,@p)). A stabilizer parahoric group scheme is
stabilizer Bruhat—Tits group scheme with connected special fiber.

Remark 2.2.5. A subgroup of G(Qp) being a stabilizer of a point in B(G,Q,) is
strictly stronger than being both o-stable and a stabilizer of a point in B(G, Qp).
Following [PR23| Remark 2.3|, we consider the group G = D* /G, where D/Q,
is the unique quaternion algebra. The building B(G, @p) ~ B(PGLg, @p) is a tree,
inside which B(G, Q) is a midpoint of a edge F, see [KP23, Example 9.2.9]. Taking

any point z € F \ B(G,Q,), we see that G(Q,)L = G(Qp)}_— is a o-stable but not a
stabilizer a point in B(G, Q).

The following result is well known, but we include the proof for the sake of com-
pleteness.

Lemma 2.2.6. Let K C G(Qp) be a o-stable quasi-parahoric subgroup. Then there
exists a point x € B(G, Q) for which K C G(Q,)L and K N G(Q,)° = G(Q,)°.

Proof. Consider the unique facet F of B(G, Qp) for which G(@p)gE CKC G(@p)l N
Stabz. Since K is o-stable, so is F. We now note that Gal(Q,/Q,) x K acts on F
through affine-linear automorphisms. Thus if we take x to be the center-of-mass of
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the vertices of F, the point z is fixed under the action of Gal(@p /Qp) X K. It is also
contained in F because F is the interior of a convex polytope.

Because x is fixed under Gal(@p /Qp), we have € B(G,Q,). Because z is fixed
under the action of K, we have K C G (Qp):lc Finally, we have

Kn G(Qp)o = G(@p)g-‘ = G(Qp)g
because x € F, see [KP23| Axiom 4.1.20(1)]. O
Corollary 2.2.7. Let G/Z, be a quasi-parahoric group scheme for G/Qp. Then

there exists a stabilizer Bruhat-Tits model H/Z, of G such that the identity map on
G extends to an open embedding G — H.

Proof. We take K=¢ (Zp) in Lemma and let H be the quasi-parahoric group
corresponding to G(Q,)L. The first condition implies that there exists a map G — H,
and the second condition implies that it is an open embedding. O

2.2.8. Fix a maximal split torus S C G@p with centralizer T' and normalizer N.

By definition, the Iwahori-Weyl group W associated with S sits in a short exact
sequence
1= T(Q)° = N@Q,) = W — 1,
see |[HRO8, Definition 7]. Let Gy, denote the simply connected cover of the derived
group Gger of G, and let Wy, be the Iwahori-Weyl group of Gg.. There is a short
exact sequence
1— WSC N 77N m1(G)1, — 0.

Any choice of an alcoveﬁ a of B(G, @p) in the apartment associated to S determines
a splitting of this short exact sequence.
For a G(Q)-conjugacy class p of cocharacters, we will use the notation

Adm(p™1) C W for the p~L-admissible subset, defined as in [Rap05, Equation (3.4)].

2.29. Assume G is a quasi-parahoric group scheme over Z, determined by a o-

stable quasi-parahoric subgroup K C G(Qp)}:, such that F is o-stable. As in [PR22,
Section 3], we let IIg be the kernel of H(Z,,G) — H'(Q,, G). By Lemma 3.1.1 of
loc. cit., we may identify

Ilg = ker(mo(G)g = m1(G)r,),
where ¢ € ', /1), is the Frobeniusﬂ Using this and the exact sequence
1—
0 - m(G)y, = m(G)r, —2 m(G)1, = m(G)r, — 0,

we may lift any & € IIg to an element & € mo(G), such that § = (1 — ¢)vy for some
v € m1(G)1,. Choose a splitting of W — m1(G)1, corresponding to a o-stable alcove

6An alcove is a facet which is maximal for the inclusion relation between facets.
"From now on we will sometimes use ¢ instead of o for the Frobenius, to better match the
conventions of [PR22].
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a of B(G,Q,) with F C a as in Section above. By [PR22, Lemma 4.3.1]
there is a lift 4 of 4 to N(Q,) such that § = ¢(%)~'4 € G(Z,). We then obtain a
quasi-parahoric integral model G5 of G such that

Gs(Lp) =4G(Zp)y " and  G§(Zy) = 4G (Ly)y ™"
The G(Qy)-conjugacy class of G (Zp) does not depend on the choice of ¥ or -, see

[PR22], Proposition 4.3.2|, and hence the integral model G5 only depends on § € Ilg

up to isomorphism. However, we shall fix a choice of 4 for each § € Ilg, for later use
in Section

2.3. Finite étale covers of v-sheaves. Let A be a finite abelian group. In this
section we will compare A-torsors over the v-sheaves associated to schemes with
A-torsors over the corresponding schemes.

Proposition 2.3.1. Let X be a flat normal scheme which is separated and of finite
type over Zy, and let f : Zray — Xq, be a A-torsor. Suppose 2 — X9 is an étale

A-torsor whose generic fiber is A X&p. Then the relative normalization Z of X

rat

in Zrat — Xq, — X is an étale A-torsor, and Z9/ s isomorphic to & over X9/,

Remark 2.3.2. For X as in the statement of Proposition [2.3.1] we expect that any
finite étale cover of X, which extends to a finite étale cover of X 0/ comes from
a finite étale cover of X. To prove this, it would suffice to prove an analogue of
Lemma below for arbitrary finite étale covers. One would like to apply [Gle20),
Theorem 4.27] here, but we were unable to verify that if 7 — X 0/ is a finite étale
cover, that then F must be a prekimberlite (in the sense of [Gle20, Definition 4.15]).
To be precise, we were unable to prove that F is v-specializing in the sense of [Gle20),
Definition 4.6].

We first introduce some notation: Consider the closed and open subschemes of X
given by its special and generic fiber

Xo 45 X & Xg,.
Let X be the completion of X along Xy, and )A(n be its adic generic fiber. Its attached
diamond )?7? is a quasicompact open sub-diamond of X&p. Similarly, we denote by
Z the p-adic completion of Z.
Lemma 2.3.3. The natural map
Hgt()?,A) - Hélt(XO,A)v
18 an isomorphism.

Proof. We have a commutative diagram
H} (X0, A) +—— HE(X,A)

[ |

HL (XS, A) < HL(XO,A).
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The left vertical arrow of the diagram is an isomorphism by [Kim24, Theorem 1.3],
and the top arrow is an isomorphism by [Sta24, Tag 0DEG| and [Sta24, Tag ODEA|.
This implies surjectivity of the bottom map i>*. To prove the lemma, it suffices to
prove that the bottom arrow is also injective.

Without loss of generality, we may assume that X is connected. This implies that
X0 is connected; indeed, this follows because the map

Hom (X, Spf Z, [ | Spf Z,) — Hom(X?,Spd Z, [ [ Spd Z,)

is a bijection by full-faithfulness of X=X 0 see [AGLR22, Theorem 2.16]. Suppose
an étale A-torsor f : % — X0 splits over X§. The natural map from a connected
component ¢ of % to X is still finite étale. Thus its image on topological spaces is
open and closed, and since | X 9| is connected, we find that |#| — |X?°| is surjective.
Since 4 — X° is quasicompact, it follows from [Schi7, Lemma 12.11] that it is
surjective as a map of v-sheaves. Thus the natural map ¥ — X9 is a finite étale
cover of X9.
For ¢ # p, we have

Hg (%, Fe) = HY(XO, L.Fo)
> Hey(XG, 1% fuFe)
= (")
~ OIAl
=~ FPIA,

Here the second isomorphism follows from [FS21, Remark V.4.3(ii)] and the third
isomorphism follows from proper base change [Sch17, Theorem 19.2|. Hence % has

= |A| connected components and the map |#| — |X©| has fibers of size n. It
follows that |¢| — | X | has fibers of size 1 (since for each connected component the
map on topological spaces is surjective), and thus ¥ — X9 is an isomorphism by
[Sch17, Lemma 12.5]. It is now clear that the action map X0 x A — % over X0 is
an isomorphism; the injectivity of i®* follows. O

Proof of Proposition[2.3.1 It follows from [Kim24, Theorem 1.3, as explained in
Lemma 3l that there exists an étale A-torsor 3 — X whose special ﬁber 1dent1ﬁes
with Zg — Xo It thus suffices to show that 3 — X is isomorphic to 7 over X.

By [Sta24, Tag 035L], the relative normalization Z of X in Z,,4 — X is normal, since
Zyvat is normal. We first prove that 3 and 7 are both n-normal in the sense of [ALY22),
Definition A.1]. To show this for 7 , we use [ALY22 Lemma A.2|, which implies that
it is enough to check that the local rings of Z at closed points are normal. Note
that the closed points @ of Z are 1 the same as those for Z, and at such a point z we
have an isomorphism (’)A = (QZ ». Normality of (9 . then follows from normality
of @Z,z which in turn follows from the normality of OZ,Z' Indeed, the normality of
(quasi-excellent) Noetherian local rings is preserved under completion, see [Sta24)
Tag 0C23|. It then follows from faithful flatness of Oz, — 627; along with [Sta24,


https://stacks.math.columbia.edu/tag/0DEG
https://stacks.math.columbia.edu/tag/0DEA
https://stacks.math.columbia.edu/tag/035L
https://stacks.math.columbia.edu/tag/0C23
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Tag 033G| that O _ is normal. The same proof shows that X is n-normal, and then
it follows from [ALY22, Corollary A.16] that the same holds for 3.

By [ALY22, Lemma 4.1|, since both 3 and Z are n-normal, to prove 3 is isomorphic
to Z over X , it suffices to show their rigid generic fibers are isomorphic as étale
A-torsors over )?77. In turn, it suffices to show the two A-torsors are represented
by the same class in Hélt()?n,A) = Hét()?,?,A) (see |Schl7, Lemma 15.6] for this
isomorphism). But this follows from the commutative diagram below

HL(X,A) —— HL(X,,A)

i [

HL (X0, A) —— HL(XQ,A).

Indeed, going clockwise from HY (X, A) to Helt()?g, A) the class of 3 — X is sent
to that of 32 — )?,? On the other hand, by the proof of Lemma going
counterclockwise we get the class of 2 x yo, )A(g — )27? . Hence we are done if we can
show 2 X xo, )?T? is isomorphic to Z? . But since Z — X is integral, this follows from
[Hub96, Proposition 1.9.6] and our assumption that the generic fiber of 2 — X o/
is given by 22 — X&). 0

rat

3. THE MODULI STACK OF QUASI-PARAHORIC SHTUKAS

The goal of this section is to study moduli stacks of quasi-parahoric shtukas, and
to prove Corollary [3:3.7

3.1. Newton strata in the moduli stack of quasi-parahoric shtukas. In what
follows we let G be a quasi-parahoric group scheme over Z, with generic fiber G, and
we let G° C G be the corresponding parahoric group scheme. Let Grg and Grgeo
over Spd(Z,) be the Beilinson-Drinfeld affine Grassmannians of [SW20), Definition
20.3.1]. The natural map Grge — Grg becomes an isomorphism after base changing
to Spd(Qp). We will call this common base change the Bj;-affine Grassmannian,
and we will denote it by Grg — Spd(Q,), see [SW20), Lecture XIX].

3.1.1. For a G(@p)—conjugacy class of minuscule cocharacters p of G with reflex
field £, we denote by Grg, C Grgr the closed Schubert-cell determined by g,
see [SW20, Section 19.2]. We define the v-sheaf local model M, C Grg spa(op) to
be the v-sheaf theoretic closure of Grg ), inside Grggpq(0,), and similarly we have
M. - As shown in [SW20, Proposition 21.4.3], functoriality of local models applied
to the map G° — G induces an isomorphism

(3.1.1) Gou — M.


https://stacks.math.columbia.edu/tag/033G
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3.1.2. A G-shtuka over a perfectoid space S with leg at an untilt S* is defined to
be a G-torsor & over S x Spa(Z,), together with an isomorphism of g—torsor
L Fmbsy‘skspa(zp)\sﬁ — ‘@|5kspa(zp)\sﬁ’

that is meromorphic along S* in the sense of [SW20, Definition 5.3.5]. We will
occasionally denote such a meromorphic map by

¢z Frobg? --» 2,

when the choice of untilt S* is clear. For p as above, we say that a G-shtuka (2, ¢ P)
is bounded by p if the relative position of Frobg%? and & at St is bounded by the
v-sheaf local model Mg, C Grg spd(0p), see [PR24 Section 2.3.4].

For S in Perf, denote by Shtg(S) the groupoid of triples (S¥, 2, ¢»), where S* is
an untilt of S and where (2, ¢») is a G-shtuka over S with leg at S*. By [SW20,
Proposition 2.1.2|, the assignment S ~— Shtg(S) defines a v-stack Shtg on Perf
(for this, use the fact that S x Spa(Z,) is sousperfectoid by the proof of [SW20),
Proposition 11.2.1]). For u as above, we let Shtg , C Shtg Xg,q(z,) SPd(OF) be
the closed substack whose S-points consists of G-shtukas over S with one leg at S,

which are bounded by u

3.1.3. Let S = Spa(R,R") — Spd(Z,) be an object in Perf together with an untilt
St and let (2, ¢5) be a G-shtuka over S with one leg at S*. We can choose
sufficiently large such that ). .y does not meet the divisor of V. o) defined by S f
The restriction of (£, ¢4») determines a ¢ = Frobg-equivariant G-torsor on Vir,00)-
By spreading out via the Frobenius (see [SW20, Proposition 22.1.1]), the bundle &
descends to a G-bundle £(Z,¢p») on Xg. In this way we obtain a morphism of
v-stacks on Perf

Shtg — Bung, (2,02)— E(P,d2).

and we will denote both this map and its restriction to Shtg , by BL®.

Using BL°, we obtain locally closed substacks Shtg.)} C Shtg and Sht[gb]# C Shtg

defined as in (2.1.1). We will refer to these as the Newton strata corresponding to
[b] in Shtg and Shtg ,, respectively.

8Here we consider Frob§(G) as a G-torsor via the isomorphism Frobs(g) — G coming from the
fact that G is defined over Z,.

90ur moduli stacks Shtg,,, should not be confused with the moduli spaces of shtukas Sht(g.b,u)
of [SW20, Definition 23.1.1], also denoted by Sht(c s,4,6(z,)) in [GLX23] Section 3.4]. They should
also not be confused with the moduli spaces of p-adic shtukas Shtgﬁ of [Gle21] Definition 2.21].
These objects are moduli spaces of shtukas with a framing (towards b); the similarity in notation
is unfortunate.

10The stack denoted by Shtg in [GI23, Definition 7.4 of version 1] corresponds in our notation
to the stack Shtg Xgpa(z,) Spd(Fp).
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3.1.4. For ¢ an algebraically closed field in characteristic p together with a fixed
embedding e: kg — £, write
Wog.e(l) = Op @w(kp),e W (L)

We make the following definition, which is a slight generalization of [SW20, Definition
25.1.1].

Definition 3.1.5. Let £ be a perfect field of characteristic p together with an em-
bedding e: kg < ¢, and let b € G(W (¢)[p~!]). The integral local Shimura variety

MG e = SPAWoy, ()
is the v-sheaf on Perf that assigns to each perfectoid S the set of isomorphism classes
of tuples (S*, 2, ¢»,1,), where S* is an untilt of S over Wop.e(£), where (£, ¢2)
is a G-shtuka with one leg along S* bounded by p, and ¢, is an isomorphism
b Glyy o (9) = Py ()

for 7 > 0, which satisfies ¢, 0 ¢ = (b x Frobg) o t,. Two tuples (S*, 2, dx,1,),
(8%, 2',¢',,1!,) are isomorphic if there is an isomorphism of G-shtukas (2, ¢.») —
(7, ’@2 which is compatible with ¢, and ¢, after restricting to Vg o) (S) for some
R>rr.

Lemma 3.1.6. There is a Cartesian diagram

Mint ., gptl® X0y Wog.e(l)

G.b,se G.p
J lBLO
Spd(f) ——>—— Bun[Gb],

where b : Spd({) — Bun[g is the map coming from [Ans23, Theorem 5.3].

Proof. This follows from unwinding the definition of the map BL® : Shtg , — Bung

and the definition of the sheaf Mg‘tb e O

Remark 3.1.7. If
ve U Gw©O)gw).
weAdm(p—1)

then b defines an element b € Shtg ,(Spd(¢)) lifting b € Bung(Spd(f)), see [PR24,
Remark 4.2.3]. The universal property of the fiber product diagram of Lemma
then gives us a tautological base point z( : Spd(¢) — ./\/lg“b et

3.1.8.  We observe that it follows from the argument in [Zha23, Proposition 11.16]|E
that there is an isomorphism (here the sheaf G°(Z,) is as in [Sch17, the discussion

HNote that although [Zha23, Proposition 11.16] assumes G being reductive, the reference to
[SW20] cited in loc. cit. only assumes that G is smooth and has connected special fiber, so the
argument works verbatim.
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before Definition 10.12])
(3.1.2) ¢ : Shtge i — [GrG,u_l/QO(Zp)} .

We generally do not have an isomorphism as in (3.1.2)) for G-shtukas, as we will
explain below in Corollary

Lemma 3.1.9. The map
BL? : Shtgo , — Bung
factors through Bung ,—

Proof. By definition, Bung ,-1 is the subfunctor of Bung consisting of maps X —
Bung for which |X| — |Bung| = B(G) factors over B(G, u~!), see Section It
is therefore enough to show the factorization at the level of topological spaces. By
Lemma and the v-surjectivity of b : Spd(F,) — Bun[g, it suffices to show that
|Mi§1§7b7u7€] is empty unless [b] € B(G,u™1).

. red
By [PR24, Theorem 3.3.3|, see |Gle21], the reduction (./\/lg“ot b%e) in the

sense of [Gle20, Definition 3.12] is isomorphic to the affine Deligne-Lusztig variety
Xgeo (b, n™1) (see [PR24, Definition 3.3.1]). The space Xgo (b, 1) is empty unless
(] € B(G,p~") by [Hel6, Theorem A] and this along with [GIe20, Proposition
4.8.(4)] implies that [MES, | is empty unless [b] € B(G,pu™"). O

Lemma will generally not be true for Shtg ,, but we do have the following
result: We recall from [FS21], Theorem III1.2.7| that there is a locally constant map
kG : |Bung| — m(G)r,,
such that Bung ,~1 maps to —pf = kg(p~Y). Here 7 (Q) is the algebraic fundamen-

tal group of G and T, = Gal(Q,/Qy). We let Sh‘ug:/;“h C Shtg,, be the open and
closed substack that is the preimage of —uf under k.

oy —— b
Proposition 3.1.10. The map BL° : Shtg B " — Bung factors through Bung 1.
In the proof, we use the notation from Section [2.2.9]

Proof. Since Bung ,-1 is an open substack of Bung, it is enough to check that for

any map Spa(C,CT) — Shtgj:“ " with C an algebraically closed perfectoid field,

the induced map [Spa(C,C")| — B(G) on topological spaces has image contained

in B(G,p~1). Using [PR24, Proposition 2.1.1], we see that the restriction map
Bung(Spa(C,CT)) — Bung(Spa(C, O¢))

is an equivalence, and thus we may assume that C* = O¢. Recall that Shtg , has
a map to Spd(Z,). We will verify the statement by dividing into the case when C*
has characteristic zero and when C* = C has characteristic p.

Case 1: First assume that C* has characteristic zero, and let (Z,¢») be a G-shtuka
with leg at C* bounded by u. For sufficiently small r, the restriction ‘@b[om](c’,(’)c)
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defines a shtuka with no leg, and by [KL15, Theorem 8.5.3|, this corresponds to an
exact tensor functor Repy (G) — Modgz, which gives an element of HL(Z,,G) by
the Tannakian interpretation of torsors. Under the map (where B(G)pse C B(G)
denotes the subset of basic elements)
Helt(Zpa g) - He}t(QP’ G) - B(G)bsm

this determines the isomorphism class [bg] € B(G)psc of the C-point of the G-bundle
on X(¢,0,) coming from ‘@b’(o,r]((/ﬁ@c)v see [SW20, Section 22.3]. The G-bundle
E(P,¢») comes from restricting to Vg o) (C; Oc) for R > 0, let us denote its
isomorphism class by [b] € B(G). Then x([bo]) — x([b]) = —p as they are related
by a modification bounded by p, see the proof of [SW20), Proposition 25.3.2|. Since
(2, ¢ ) is assumed to be in Shtgj;“h, it follows that x([bg]) = 0. Moreover, since [bg]
is basic, we see that [bg] = 0. Therefore [b] € B(G,u~!) by [Rapl8|, Proposition 9].
Case 2: Next, we consider the case where C* = C' has characteristic p. As before, let
(2, ) be a G-shtuka with leg at C' bounded by p. Using [PR24, Proposition 2.1.3|
and [PR22|, Proposition 3.2.1], we may find a G-torsor P on Spec(W(O¢)) together
with a meromorphic map ¢p: P — ¢*P that analytifies to (£, ¢»). In particular,
we may recover [b] € B(G) also by considering the isomorphism class of the G-

isocrystal (Py(c)p-1]s ¢PW<C)[p—1] )-

Fix a trivialization of P & Gy (), so that the Frobenius ¢p . gives us an

w()lp~
element b € G(W(O¢)[p~!]). The boundedness by u condition now tells us that

b e G°(W(C)) Adm(p~)G(W ().
Indeed, by definition the element b lies in
(3.1.3) 6.u(C,0c) C Grg(C, Oc) = GIW(C)[1/p])/G(W(Oc)).
By [AGLR22, Theorem 6.16], we may identify

Mg. ,(C,0c) C G(W(C)[1/p])/G°(W(Oc))
with
G°(W(C)) Adm(u~")G°(W(C)) € G(W(C)[1/p])/G°(W(Oc)).-
Since the natural map Grge — Grg induces an isomorphism
Gou = Mg,
we may identify (3.1.3]) with
G°(W(C)) Adm(u~)G(W(C)) € G(W(C)[1/p])/G(W (Oc)).

We fix an embedding F, < C, so that we have a group homomorphism G(Qp) —
GW(C)[p~'). We want to show that the class [b] € B(G), regarded as a ¢-

conjugacy class in G(W(C)[p~1]), is in B(G,u~'). Recall our assumption that
kG(b) = —p* € m1(G)r,. This means that

B = —Fka(b) — [u] € m(9) € m(G)y,
can be written as 8 = (1 — ¢)7y for some v € m1(G),.
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Choose a splitting of W — m1(G), corresponding to a o-stable alcove a of
B(G,@p) with F C a, as in Section By [PR22, Lemma 4.3.1], there is a
lift 4 of v to N(Q,) such that ¢(5)~'% € G(Z,). We now have

V=g (7)™ = (bo(3) )3T € 4GW(C) Adm(u~ )GV (C))7
As in the proof of [PR22] Proposition 4.3.4], we may identify
G(W(C)) Adm(pHGW(O)y~" = Gs(W(C)) Adm(u~")Gs(W(C)),
where § € Ilg is the image of 8 under mo(G) — mo(G)e, so that Gs(W(C)) =
AG(W(C))5~ L. We then have
ka(b) = (1 - @)y + Fa(b)
==y —[ul—-(1—-9)y
= —[pu] € m(G)y,.
Moreover, as b’ is a ¢-conjugate of b, it suffices to show that [b'] € B(G,u™1).

By evaluating the isomorphism M‘ég s Mg, p on (C,O¢)-points, we obtain the

equality (as above)
G5 (W(C)) Adm(n™1)Gs(W(C)) = G5 (W (C)) Adm(n)G5 (W (C)).
Thus we can write b’ = hwg with h € G§(W(C)), w € Adm(u~1), and g € Gs(W(C)).
By applying kg on both sides, we obtain
—[u] = Ra(t) = Ea(h) + Ra(w) + Falg) = —[1] + Ra(g) € m(G),
This shows that kg (g) = 0, and hence
g9 € Gs(W(C)) Nker kg = G5(W(C)).
It now follows that
b € G5(W(C)) Adm ()5 (W(0))
and thus by [Hel6l, Theorem A] that [b] = [b'] € B(G, ™ 1). O
3.2. A group action on the moduli stack of parahoric shtukas. Let G/Z, be

a quasi-parahoric group scheme as before. The goal of this section is to construct an
action of m(G)? on Shtge ,, together with a map [Shtge ,/m0(G)?] — Shtg ..

3.2.1. Recall, e.g., from [PR22| Section 4.4, that there is a short exact sequence
1 — G°(Zy) — G(Zp) — m0(G)? — 1.

For an element g of 79(G)? and a representation (A, p: G° — GL(A)) in Repz,(G°),
we define the lattice

gA = p(g)A € A ®z, Qp,
where g € G(Z,) € G(Qy) is a lift of g. Note that this does not depend on the choice
of lift g because A is stable under G°(Z)).

12Here F is as in Section m
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Lemma 3.2.2. The group homomorphism pg,: G — GLq,(A ®z, Qp) extends
(uniquely) to a homomorphism gp : G° — GLgz,(gA).

Proof. Both G° and GLz,(gA) are smooth affine integral models of their respective
generic fibers. Therefore by [KP23, Corollary 2.10.10], it suffices to show that the
image of QO(Z],) is contained in GLZ,, (9A ®z, Zp). Since QO(ZP) C Q(Zp) is normal,
it is in particular stable under conjugation by g € G(Z,) a lift of g. The claim now
follows, as A ®z, Z,, is stable under the action of G°(Z,). O

We see that p — gp defines a m(G)?-action on the category Repz,(G°) by exact
tensor equivalences. Moreover, for any representation (A,p) in the image of the
forgetful (exact tensor) functor Repy (G) — Repy, (G°), we have A = gA and hence

p = gp.

3.2.3. Using the Tannakian formalism, this defines a 7y(G)?-action on the groupoid
of G°-torsors on Y|y o) (S) for S € Perf. More precisely, for each G°-torsor & on

Y[0,00)(5) and an element g € 70(G)?, there is a G°-torsor g so that
G\((92) x A) = G°\(2 x g7 'A).
By construction, if we push out to G, we see that there is a canonical isomorphism
G x9° P ~gx9° (92).

We also see that there is a canonical meromorphic homomorphism

with a leg at S, coming from the fact that A @z, Q, = g A ®z, Qp.

Remark 3.2.4. The my(G)?-action we construct is in fact equivalent to the one given
in [PR22, Section 4.4|. If we choose a lift § € G(Z,) and twist the G°(Zj)-torsor
structure to get a new torsor &, then G~ ! induces an isomorphism

GNP x A) = (2 x N)/ (5 hgz, hy) ~ (2,y))
L (2% ) (5 R, 5 ) ~ (2.57')
= (2 x g W)/ ((Wa, 1Y) ~ (2,y) = G\ (P x §7'A)
by substituting b’ = §~'hg and 3 = 5~ y.

3.2.5.  We now use this action to define an action of m(G)? on Shtgo ,,. For S € Perf

and a G°-torsor & on S x Spa(Z,), first note that g(Frob% %) = Frob%(92?), as
both correspond to the exact tensor functor

Rep(G°) £> Rep(G°) — Vect(S X Spa(Zy)) % Vect(S X Spa(Zy)).

Given (&, ¢») a G°-shtuka, we now define ¢45 to be the meromorphic map
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Proposition 3.2.6. Let S € Perf and let (¥?,¢5) € Shtgo ,(S) be a G°-shtuka.
Then (92, ¢g) defines an object of Shtge ,,(.5).

Proof. We first check that ¢,4 only has poles at R*. This can be checked by consid-
ering the induced map on vector bundle shtukas for each A € Repy (G°). We observe
that the map

G°\(Frob% 2 x g7'A) = G°\(Frob%(g#) x A) ——» G°\(Frob5.Z x A)
2 GNP X A) - G\(gP x A) = G°\(# x g7'A)
is identified with ¢» x ¢~ 'A, and therefore only has a pole at R*. Next, we need

to show that the modification is bounded by p. Choosing a lift g € G(Z,,) of g as in
Remark @ this follows from the stability of M. , under conjugation by g. [

We define the action of m(G)? on Shtge , by
g: (‘@7¢@) = (g‘@aqbg@)

Since we canonically have G x9° P =~ G x9° g2, the construction & — G x9° P
naturally induces a map

[Shtgo,u/ﬂ—o(g)qb] — Shtg,u.

3.3. Decomposition of the moduli stack of quasi-parahoric shtukas. Our
goal in this section is to prove Theorem . We once again assume G/Z, is a quasi-
parahoric group scheme with associated parahoric G°. As in we denote by Ilg
the kernel of HY(Z,,G) — H'(Q,,G).

3.3.1. For each § € Tlg, fix a choice of 4 € N(Q,) as in Section m We now
construct maps

Sth(S 7“70E - Shtg7M7OE

following [PR22, Section 4.4]. Suppose we are given a Gs-shtuka (£, ¢ %) over
Spa(R, RT), where the leg is over an untilt Oz — R*'. Note that R is canoni-

cally an F,-algebra, and hence Spa(R, R™) X Spa(Z,) naturally lives over Spa(Zp).
There is an isomorphism of group schemes

.1, 5 . 1 -
Inty™": G5y =Gy 9= 9%
and hence we can push out the Gs-torsor & to a G-torsor
_ Gs
P = gz X 0lp P
P

This is equivalent to the description in [PR22, Section 4.4], which is phrased in terms
of twisting the G-action.
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3.3.2.  We now construct the Frobenius action on &25. For g € gg(Zp) we have

0(37g7) = o(vH)o(g)e(h) = (i el9) o,
where § = ¢(5)~'4 € G(Z,), and hence the diagram

¢95
Frob} v v
Zp gé,Zp g&,Zp
Frob%p Int rll Int 41
®g Int é
Frob% G- .4 ,
Zp gZP gZp gzp

commutes. Writing S = Spa(R, RT) as usual, since Frob§%; is the pushforward
of Frobg & along Frob} Int;-1, it follows from the diagram above that Frobg 2 is
D

isomorphic to the sz—torsor

. Int 5,gz . Qé’z k
Gy, % » (gZp X% Frobg ).
Therefore, using ¢ o, we may construct the meromorphic map
o ) -
st‘v: Frobgt@;y = gzp ><Int 5’gZP (gzp Xg‘S’ZP Frob*sﬁ) ************ a @»y.
Proposition 3.3.3. For S € Perf and (£, ¢ %) an S-point of Shtg, 0, the induced
shtuka (25, ¢2.) defines an S-point of Shtg ;0. -

Proof. As in the proof of Proposition this follows from the fact that conjugation
by 4~! induces an isomorphism between the local models M, 1O and M 1O

together with the fact that Mg 1O is stable under conjugation by 1. O

3.3.4. By combining Proposition [3.2.6] Proposition and Lemma we
obtain a map

=
[Shtge w0, /m0(Gs)?] — Shtg’“’é‘é
for each § € IIg. We now have the following key result.

Theorem 3.3.5. The map
ot
IT 1Shtge w0, /m0(Gs)?] — Shtg . &,

6€Hg

s an isomorphism.

The strategy of the proof is to reduce to the statement for rank-one geometric
points, and then verify the isomorphism on each Newton stratum using Proposition

3.1.10[ and [PR22| Proposition 4.3.4].

Lemma 3.3.6. For every quasi-parahoric group G/Z, and geometric conjugacy class
of a cocharacters p with reflex field E, the map Shtg,, — Spd(OE) is proper*.
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Proof. As noted after [PR24, Lemma 2.4.4], the exact tensor category of vector
bundle shtukas on Spa(R, RT) agrees with that of Spa(R, R°), and therefore the
map Shtg — Spd(Z,) has uniquely existing lifts along

s = Spa(([; &)=, 11; Oc;) — Spa((IL; ;)= ' I1; C77) =
On the other hand, Mg, — Grg spd(0p) is a closed immersion, so the map Shtg ;, —

Spd(Opg) also has uniquely existing lifts along s — S by Lemma [2.1.10
We now produce uniquely existing lifts along

[1; si = 11 Spa(Ci, Oc,) — Spa((I]; Oc,)[= . I1; Oc;) = s

following the argument of [Zha23| Proposition 11.10]. Using [GI23, Proposition 9.5,
I[Ked20, Theorem 3.8], and [PR22, Proposition 3.2.2|, we see that an s-point of Shtg
corresponds to a G-torsor & on Spec(W ([, Oc;)) together with a meromorphic
map ¢z : Frob*# --3» &, and similarly for each s;-point. Using the Tannakian
formalism and that W (Oc,) are local rings, we first observe that the groupoid of G-
torsors over W([ [, Oc,) = [ [, W(Oc,) is canonically equivalent to the product of the
groupoids of G-torsors over W (O¢,). Next, to control the meromorphic Frobenius
action, we use the fact that My , — Spd((’)E) is proper*, which follows from it being
proper and representable, together with Lemma[2.1.10] By trivializing the G-torsors,
this implies that given a collection of G-torsors on each W (O¢;) with meromorphic
Frobenius actions bounded by g, their product is a G-torsor on [[, W(O¢,) with
meromorphic Frobenius action again bounded by pu.

O

Proof of Theorem[3.5.5. We first check that the map is proper*. By Lemma [2.1.9
it suffices to show that the structure maps [Shtgg,uvoé/ﬂo(g(;)d’] — Spd(Oj) and

Shtgj;(f; h — Spd(Oj) are proper*. This follows by combining Lemma [2.1.11
Lemma @ and Lemma [3.3.6]

At this point, it suffices to show that for every algebraically closed perfectoid field
C' the map

[T [Shtge 1.0,/m0(Gs)?1(C) = Shtg, 4 (C)

5€Hg

is an equivalence of groupoids. We can verify this one Newton stratum at a time, and
by Proposition [3.1.10| and Lemma we only need to work with Newton strata

corresponding to elements in B(G, u~!). For [b] € B(G, ') choose b € G(@p) with

b € [b]. Then by Lemma we may identify the restriction of the map in the
statement of Theorem to the Newton stratum corresponding to [b], with the

map
TT (M0 molG0)°) 1G] — [Mi5,./G]

5€Hg
By construction, the induced map

H M% bu/ﬂ"J 95) 51%#

5€Hg
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agrees with the one constructed by Pappas and Rapoport in [PR22, Equation (4.4.1)],
which by Theorem 4.4.1 of loc. cit. is an isomorphism. Thus the natural map in[3.3.5]
is a bijection on rank one geometric points, and by Lemma [3:3.6]it is also a bijection
on products of geometric points. Since both sides are v-stacks, while products of
points form a basis of the v-topology by |Gle20, Remark 1.3], we are done. O

Corollary 3.3.7. The natural map
Shtge , — Shtg, . 6=1
is a torsor for the abelian group mo(Gs)®.

Proof. By Theorem [3.3.5] the map is finite étale upon base changing along
Spd(Op) — Spd(Og). Since Spd(Op) — Spd(Og) is v-surjective, the map
Shtgo , — Shtg , is also finite étale according to [Schl7, Corollary 9.11]. O

3.3.8. It follows that the image of the map Shtgo , — Shtg , is an open and closed
substack. We will denote this image by Shtg , s—1 so that

Shtge , — Shtg, . 6=1
is an étale torsor for the finite group mo(G)?.

Corollary 3.3.9. There is a natural isomorphism

Shtg ,6=1 Xspd(0,) SPA(E) =~ [Grc,u—l/g(zp) :

Proof. This is true for Shtgo, by [Zha23, Proposition 11.16|, and the result now
follows from the short exact sequence

1 - G°(Z,) — G(Z,) — m0(G)? — 1.
and Corollary [3:3.9] O

3.3.10. Now let H be another quasi-parahoric model of G such that G° C ‘H C G.
Then we have the following corollary.

Corollary 3.3.11. The natural map Shty , 5—1 — Shtg, s—1 is a torsor for the
finite abelian group mo(G)? /7o (H)®.

Proof. Let mo(H) C mp(G) be the inclusion induced by H C G. Then applying the
discussion in Section [3:3:8 to both # and G, we can identify the map in concern with
the natural map

[Shtge . /mo(H)?| = [Shtge . /m0(9)?]
which is clearly a torsor for mo(G)®/mo(H)®. O

Remark 3.3.12. The subgroup # C G is not determined by the subgroup H(Z,) C
G(Z,), because the latter only depends on mo(#H)? and not on mo(H) itself. Never-
theless, Corollary |3.3.11] tells us that the stack Shty, , 5—1 only depends on H(Z,).
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Indeed, if H; and My are two quasi-parahoric models of G such that H(Z)) =
Ha(Zyp) C G(Qp), then

/H(l)(ZP) = /Hl(Zp) a G(Qp)o = H2(Zp) N G(Qp)o = HS(ZP)'

Thus the identity components H{ and H3 are parahoric integral models of G with
the same Z,-points, and therefore they must be isomorphic. Since H1(Zy) = Ha(Z,)

we moreover find that mo(H1)? = mo(Hsa)? as subgroups of 7 (G)Z. Corollary|3.3.11
and its proof now tell us that there is an isomorphism

ShtHluufz(Szl = Sht%?nufvazl :

4. CONJECTURAL CANONICAL INTEGRAL MODELS

Let (G,X) be a Shimura datum with reflex field E, let p be a prime and write
G = Gg,. Let G be a quasi-parahoric model of G over Z,, and let K, = G(Z,).
Choose a prime v of E above p, and let E denote the completion of E at v. Let
1 denote the G(@p)—conjugacy class of cocharacters of G corresponding to X and
v. We will write Of for the ring of integers of E and kg for its residue field. For
K? C G(A?) a sufficiently small compact open subgroup we write K = K,KP.
Associated to (G, X) and KP? is the Shimura variety Shg (G, X), which we view as an
E-scheme (i.e., we take the base change to E of the canonical model over E).

We will often consider Shimura varieties with infinite level structures. In partic-
ular, we let

(4.0.1) Shyr(G,X) = lim Shgy ko (G, X)
K, CKp

as KZ’) C K, varies over all compact open subgroups of the fixed K, and let

Shg, (G, X) = lim  Shg,x»(G,X)
KPCG(AY)

as KP varies over all sufficiently small compact open subgroups K? C G(AIJD@).

Let Z° denote the connected component of the center of G. We will assume that
(G, X) satisfies

(4.0.2) rankqg(Z°) = rankg(Z°).

This equality is equivalent to Milne’s axiom SV5 [Mil05 p.63| by [KSZ21, Lemma
1.5.5].

Remark 4.0.1. By [KSZ21, Lemma 5.1.2.(i)|, the assumption (4.0.2) is satisfied
whenever (G, X) is of Hodge type, which will be the main case of interest to us.

4.1. Canonical integral models, after Pappas—Rapoport.
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4.1.1. Shtukas. Each finite level Shimura variety Sh/ k» (G, X) is a smooth algebraic
variety over E, and the transition maps in the tower (4.0.1) are finite étale. We
denote by Pg the pro-étale G(Zy)-cover

Sth(G, X) — ShK(G, X)

Let u denote the G (@p)—conjugacy class of cocharacters of G coming from the Hodge
cocharacter and the place v. There is a G(Q,)-equivariant Hodge-Tate period map

Shyer (G, X)® — Grg -1, see [PR24, Proposition 4.1.2] or [Rod22, Corollary 4.1.5].
Thus we have a map Shg(G,X)¢ — (Grg -1 /G(Zy)], which by Corollary
gives us a map

Shx (G, X)? = Shtg . 5-1 C Shtg,,.

We denote the corresponding G-shtuka by Zk . Inspired by the axioms in [PR24,
Conjecture 4.2.2], we make the following definition.

Definition 4.1.2. Let {k (G, X)}KpcG(A?) be a system of normal schemes that are
flat, separated and of finite-type over Og, with generic fiber Shg (G, X), and with
K? varying over all sufficiently small compact open subgroups of G(AI}). We say
the system {7k (G,X)}kr is a canonical integral model for {Shx(G,X)}kr if the
following properties are satisfied:

(i) For every discrete valuation ring R of characteristic (0, p) over Op,

Shg, (G, X)(R[1/p]) = (@fK(G,X)) (R).
Kp

(ii) For every K C G(A%), g € G(A%), and K'" with gK"’g~! C KP, there are
finite étale morphisms [g] : YK/ (G, X) — LKk (G,X) extending the natural
maps on the generic fiber.

(i) The G-shtuka Pk p on Shi(G,X)" extends to a G-shtuka Pk on
Tk (G, X)% for every sufficiently small K? C G(AD).

(iv) Let ¢ be an algebraically closed field of characteristic p together with an
embedding e: kg — (. For z € Yk(G,X)(¢) with corresponding b, €
Shtg ,(Spd(¥)), let z¢ € Mig“’tbbﬂ(Spd(é)) be the base point as in Remark
[B.1.7 Then there is an isomorphism of completions

O s MG, (TR (G X 0),02)°

under which the shtuka ©7 (k) agrees with the universal shtuka P on
/\/llél,tbz,u coming from the map Mlgn";w — Shtg ,, of Lemma Here the
left hand side is defined as in [Gle20, Definition 4.18], see the explanation in

[PR22, Section 3.3.1-2].

Remark 4.1.3. The extension of the G-shtuka in (iii) is necessarily unique up to
unique isomorphism. As in the proof of [PR24, Corollary 2.7.10], even for quasi-
parahoric groups G we can use the Tannakian formalism to reduce to the [PR24
Theorem 2.7.7].
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The following conjecture is an extension of [PR24, Conjecture 4.2.2] to the case
of quasi-parahoric G.

Conjecture 4.1.4. For every Shimura datum (G, X) satisfying (4.0.2) and G/Z, a
quasi-parahoric model of G, if we set K, = G(Z,), then there exists a system of
canonical integral models {-k (G, X)}kr of {Shi (G, X)} k.

By [PR24, Theorem 4.5.2|, a system of canonical integral models exists in the
case of a Hodge-type Shimura datum under the additional assumption that G is a
stabilizer parahoric (this notion was introduced in Section ?7). The conjecture is also
known to hold if (G, X) is of toral type (i.e., if G=T is a torus) and G is parahoric,
by [Dan22, Theorem A]H We will show in Section see Theorem that
the conjecture holds for all Hodge type Shimura data (G, X) and all quasi-parahoric
models G.

Remark 4.1.5. The map .7k (G, X)O/ — Shtg , automatically factors through
Shtg ,, 5—1 if it exists. Indeed, the inclusion Shtg , s—1 — Shtg , is open and closed
and the factorization property is true when restricted to Shg (G, X)% ¢ .7 (G, X)O/
by construction. We now conclude using the fact that the inclusion Shy (G, X)<> —
Sk (G, X)Q/ induces a surjection on mg. Indeed, taking my of the pushout diagram

(yK(G,X)Q)E e <5”[((G, X)<>

| |

Shi (G, X)® —— .F (G, X))/

gives a pushout diagram of mg’s. But we know that the top arrow is surjective on
connected components by flatness of .7k (G, X) and [AGLR22, Lemma 2.17|. This
implies the desired surjectivity on mg for the bottom arrow. This also shows that

. . . . N t H t
the basepoint xg lies in the image of MgO,bz,u,e — Mlgn,bz,#,g

Remark 4.1.6. Recall from Remark that quasi-parahoric models G are typ-
ically not determined by their set of Z,-points. Thus a priori it is possible that one
could use different quasi-parahoric models G with the same Z,-points to give rise to
different axioms for integral models of the Shimura variety of level G(Z,). However,

by Remark [3.3.12] and Remark this does not happen.

4.1.7. Let ¢: (G,X) = (G, X’) be a closed embedding of Shimura data. Write E, E/
for the corresponding reflex fields. Choose a place v of E above p and let v" be the
induced place of E' C E; we let E/ C E denote the induced map on completions. Let
G and G’ be quasi-parahoric models of G and G’ respectively; write K, = G(Z,) and
Uy = G'(Zy). We assume that K, = :~1(U,) N G(Q,). For every sufficiently small
compact open subgroup K? C G(A];c) we choose UP C G (AI;) such that ¢ induces a

I3In fact, an extension of Conjecture is proven in [Dan22] for (G, X) of toral type which do
not necessarily satisfy (4.0.2). In this case one needs to work with a variant G° of G; see [Dan22|
Section 4.2 and Section 4.3] for details.
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closed immersion (see [Kis10, Lemma 2.1.2|)

(4.1.1) Shy (G, X) = Shy (G, X') X gpec(y Spec(E),

where U = UPU, and K = K?K,. We have the following version of [PR24, Theorem
4.3.1, Theorem 4.5.2].

Theorem 4.1.8 (Pappas—Rapoport). Let {<(G,X')}ur be a canonical integral
model of {Shy (G, X)}Yue. If G(Zy) = .G (Zy)) NG(Qy), then there is a canonical
integral model { %k (G, X)}kr of {Shi(G,X)}kr such that the morphism in (4.1.1))
extends uniquely to a morphism

v k(G X) = S (G, X) ®o,, O
over Spec(Og), such that the following diagram commutes

Terys,g

T (G, X)% Shtg.,,

I !

Terys,g!

Fu(G, XN xgpa(0,,) SPA(OE) === Shtgr 4 Xspd(0,,) SPA(OF).

Proof. This follows as in the proofs of [PR24, Theorem 4.3.1, Theorem 4.5.2|, with
some small modifications as outlined below.

We define . (G, X) to be the normalization of the Zariski closure of Shg (G, X) 5
in (G, X) for all KP. Axioms (i) and (ii) follow as in the proofs of [PR24, Theorem
4.5.2|. It remains to show that .k (G, X) satisfies axioms (iii) and (iv).

The assumption that G(Z,) = t~1(G'(Z,)) N G(Q,) implies that there is a natural
map G — G extending G — G’ on the generic fiber, see [KP23| Corollary 2.10.10],
which identifies G with the group smoothening of the Zariski closure G of G in G';
this is explained in [PR24] Section 4.3].

Thus we obtain a commutative diagram (from now on we implicitly base change

Shtgr,v to Spd(Op))

Shy(G,X)% —— Shtg,, Xspa(o,) SPA(E)

| !

Shy (G, X')% —— Shtgr v Xgpd(0p) SPA(E).

By assumption the bottom horizontal arrow extends (necessarily uniquely) to a mor-
phism .y, (G, X0/ — Shtgr ,». We want to show that the top horizontal arrow
extends (necessarily uniquely) to a morphism

S (G, X)% = Shtg,,

for all sufficiently small KP. The existence of this extension of the G-shtuka can
be proved by following the argument in [PR24, Section 4.6], taking into account
the modifications to these arguments discussed in [PR24] Section 4.8.1]. Moreover
we should take into account that [Ans22l Corollary 11.6], used in [PR24] Lemma
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4.6.6], has been extended to include stabilizer Bruhat—Tits group schemes, see [PR22,
Proposition 3.2.1, Proposition 3.2.2].

We observe that the proof of [PR24, Proposition 4.7.1] goes through for quasi-
parahoric G and with kg replaced by an arbitrary algebraically closed field ¢. The
proof of Axiom (iv) in [PR24, Section 4.7.1] then applies to prove axiom (iv) for

T (G, X)". O
We have the following version of [PR24, Theorem 4.2.4].

Corollary 4.1.9. A canonical integral model {%k(G,X)}kr of {Shi (G, X)}kr is

unique up to unique isomorphism, if it exists.

Proof. Let {&k(G,X)}kr, {7} (G,X)}kr be two canonical integral models. Then
their product {7k (G,X) x Z4(G,X)}krxkr, equipped with the obvious G x G-
shtuka, defines a canonical integral model of {Shy/ (G x G, X x X)}yr (using the fact
that compact open subgroups UP of the form KP x KP are cofinal). If we apply
Theorem to the diagonal morphism (G,X,G) — (G x G, X x X,G x G) with
respect to the integral model {#k(G,X) x 7% (G, X)}krxkr, then we get a third
integral model {.#//(G, X)} k» together with a morphism

FI(G,X) = K (G, X) x L4 (G,X)

extending the diagonal map on the generic fiber. It can be shown as in the proof of
[PR24, Theorem 4.2.4] that this map is the graph of an isomorphism. O

We have the following version of [PR24, Corollary 4.3.2]. The result there is only
stated for the change-of-parahoric maps for a fixed (G, X), but the proof works for
all morphisms of triples (G, X, G).

Corollary 4.1.10. Let f: (G, X,G) — (G, X', G") be a morphism of triples admitting
canonical integral models {7k (G, X)}kr and { (G, X)}yr. Then there uniquely
exists a morphism of integral models {-x (G, X)} kr — {FU (G, X")}u» extending the
morphism on generic fibers.

Proof. We first observe that the triple (G x G/, X x X/, G x G’) admits integral models
satisfying Conjecture [{.1.4] Indeed, as in the proof of Corollary [£.1.9, we can take
the product of the integral models for (G, X,G) and (G, X', G’) equipped with the
obvious G x G'-shtuka. Then the graph of f defines a morphism (G, X,G) — (G x
G, X x X',G x G') which satisfies the assumption of Theorem since f maps
G(Z,) to G'(Z,) by assumption. This defines a morphism of integral models (using

Theorem and Corollary
9 Tk (G, X) = Lk (G, X) Xspec(0g) (FU (G, X) Xspec(0,) SPec(Or))

extending the graph of f on the generic fiber. Its composition with projection to
(G, X") gives the desired morphism, which is unique by normality. O
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4.1.11. The following theorem will be a crucial ingredient in the proof of Theorem ||
Let G be a quasi-parahoric model of G and let H C G be a quasi-parahoric subgroup
(ie. H° =G°). Let K = G(Zp) and K}, = H(Z,). For KP C G(A}) a sufficiently
small compact open subgroup write K = K?K), and K’ = KPK,. Assume for each
KP we have a normal integral model .7k (G, X) of Shx (G, X) which is flat, separated
and of finite-type over Og. We define

yK/(G, X) — yK(G, X)
to be the relative normalization of .“k (G, X) in the composition
Shy(G,X) — Shy(G,X) — Z (G, X).

Theorem 4.1.12. With the above construction, suppose { i (G,X)}k» is a canon-
ical integral model for {Shg (G, X)}kr. Then { Kk (G,X)}kr is a canonical integral
model for {Shg/ (G, X)}k».

Proof of Theorem[{.1.13 We start by noting that axioms (i) and (ii) are a straight-
forward consequence of the corresponding axioms for {7k (G, X)} k».

By Remark the map Yk (G, X)Q/ — Shtg,, factors through Shtg , 5—1. The

morphism
Z = Ix(G,X)% Xsntg 51 Shtrser — Lx(G,X)%

is a torsor for the finite abelian group mo(G)?/mo(H)? by Corollary [3.3.11] If we base
change to Spd(E) and apply Corollary twice, we obtain the Cartesian diagram

Py —— [Grg 1 /H(Z,)]

J |

Shg (G, X)* —— [er_l /g(zp)]} .

It follows from the construction of the bottom horizontal map, see Section that
this identifies 2% — Shg(G,X)? with Shx (G, X)® — Shg (G, X)®. It now follows
from Proposition that .7 (G, X)%/ is isomorphic to 2. This shows that there
is a morphism

F1cr(6, X)) = Shtgy 51,

proving axiom (iii). Moreover, we see that .7x/(G, X) — .k (G, X) is finite étale.
Axiom (iv) for { K (G, X)} kr follows from Axiom (iv) for { Lk (G, X)} x» together
with the following observation: By [PR22| Proposition 4.2.1] the natural map

— —
int N int
go,bxyﬂ/xo g7b11?’/>1‘/$0

is an isomorphism, and the same is true for the natural map of formal completions

of Sk(G,X) and S (G, X), since Sk (G,X) = LKk (G, X) is finite étale. O
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4.2. Integral models of Shimura varieties of Hodge type. For a symplectic
space (V, 1) over Q we write Gy = GSp(V, v) for the group of symplectic similitudes
of (V, ) over Q. It admits a Shimura datum #Hy consisting of the union of the Siegel
upper and lower half spaces.

Lemma 4.2.1. Conjecture holds for any choice of parahoric Gy of Gy .

Proof. This is essentially a special case of [PR24, Theorem 4.5.2]. Our formulation of
axiom (iv) is stronger, but the same proof works once we observe that the deformation
theory for p-divisible groups as in the proof of [PR24l Lemma 4.10.1] works for
arbitrary algebraically closed fields. ([l

4.2.2. Main results. Let (G, X) be a Shimura datum of Hodge type with reflex field
E, let p be a prime and write G = Gg,. Fix a place v above p of the reflex field E,
and let E be the completion of E at v with ring of integers Op and residue field kg.
Let H be any quasi-parahoric integral model of G and write K]’) = H(Zp). For any
sufficiently small compact open subgroup K? C G(AZ;) we will consider the Shimura
variety Shp/(G,X) of level K = KPK, as a scheme over E. The following is the
main result of this paper and verifies Conjecture [£.1.4]

Theorem 4.2.3. There exists a canonical integral model {k(G,X)}kr of
{Shg/(G,X)} k».

Proof. By Corollary [2.2.7, we may choose a stabilizer Bruhat-Tits group scheme
G such that #H is an open subgroup of G; write K, = G(Z,). It is explained in
[KMPS22| Section 1.3.2] that there exists a Hodge embedding ¢ : (G, X) — (Gy, Hy)
and a Zy-lattice V), C Vg, on which 1) is Zj,-valued, such that G (Zp) is the stabilizer
in G(Qp) of V, ®z, Zp. In other words, if Gy is the parahoric integral model of Gy

over Zj, that is the stabilizer of V,, then we have Q(Zp) = G((@p) N L—l(gV(Zp)).
It now follows from Theorem M.1.8 and Lemma [£.2T] that there exists a canonical
integral model {7k (G, X)}kr of {Shi(G,X)}k», and the theorem is now a direct
consequence of Theorem [£.1.12] a

Remark 4.2.4. It follows from the proof of Theorem [I.1.12]that the integral models
of Theorem are constructed as relative normalizations, as in [KP18| Section 4.3|

and |[KP18, Section 5.1.11]. Thus our integral models agree with those constructed
in [KP18| Section 4.3] and [KP18| Section 5.1.11].

4.3. Local model diagrams and a conjecture of Kisin and Pappas. Let the
notation be as in Section [4l In particular, G is a quasi-parahoric model of G. As in
[PR24] Section 4.9.1], we associate to G the v-sheaf G°. Explicitly, if S = Spa(R, R")
is in Perf, then G(S) consists of pairs (S*, g), where S* = Spa(RF, R*) is an untilt
of S and g is an element of G(R?).

In loc. cit., Pappas and Rapoport show that for S in Perf and f : S — Shtg ,
there is a GO-torsor S — S equipped with a G%-equivariant map S — Mé In

MNote that since i is minuscule, the action of the positive loop group £*G on Mg ,, factors
through g<>. This defines the go—action on the v-sheaf local model.
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other words, there is a morphism of stacks

Shtg,,, — Mg, /0] .

By construction, this morphism is functorial in G in the sense that, given a morphism
a : G — Gy of quasi-parahoric group schemes, the diagram

Shtg, , —— Mg, /7]

(4.3.1) l l

Shtg%aoll E— |: QQ aou/g21|

is 2-commutative. Here the vertical maps are obtained by functoriality of the con-
structions of Shtg and v-sheaf local models.

4.3.1. By [AGLR22, Theorem 1.11], there is a unique (up to unique isomorphism)
absolutely weakly normal scheme Mg , which is flat and proper over O, with as-
sociated v-sheaf isomorphic to M ,. A canonical integral model {Fk (G, X)}k» is
said to have a scheme-theoretic local model diagram if for all sufficiently small KP
there is a smooth morphism of algebraic stacks

mar,G: Kk (G, X) = [Mg ./G],

whose generic fiber comes from the canonical model of the standard principal bun-
dle (base-changed to F), see [Mil90, Theorem 4.1], together with a 2-commutative
diagram

Ik (G, X)) I Shtg,

lﬂgég l
[v,,/6 | — [Mg,,/6°) -

Now assume that (G, X) is of Hodge type. Then by Theorem , the local model di-
agrams of [KZ21l Theorem 5.1.10] and [KP18, Theorem 4.2.7| give scheme-theoretic
local model diagrams for (G, X, G), where G is a stabilizer Bruhat—Tits group scheme.
We note that these results are stated under some additional assumptions on (G, X, G)
and p that we will make explicit in Section

4.3.2. Let G° C G be the relative identity component and write K; = G°(Z;) and

K, =G(Z,). For KP C G(AI}) a sufficiently small compact open subgroup we write

K = KPK) and K° = KPK,. Under the assumptions made in [KP18, Theorem

4.2.7.], Kisin and Pappas conjecture in [KP18|, Section 4.3.10], that the composition
<EﬂKC’ (G7 X) — <SﬂK(G) X) - [Mg,ﬂ/g}

factors through

Mg,./G°] = Mg,./9] .
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The following proposition shows that such factorization exists, whenever a scheme-
theoretic local model diagram exists for {7k (G, X)} k.

Proposition 4.3.3. Suppose that {Zk(G,X)}kr admits a scheme-theoretic local
model diagram mar,g. Then {Fk-(G,X)}kr admits a scheme-theoretic local model

diagram maRr.,go such that for all (sufficiently small) KP, the following diagram com-
mutes (here we identify Mge , = Mg ,, via the isomorphism (3.1.1]))

Fe (G, X) "% Mg, /G°]
(4.3.2) l
k(G X) ~%5 Mg, /G] .

To prove the proposition, we will need a lemma. As motivation, we recall from
the proof of [PR22, Proposition 3.2.1] that there is a short exact sequence
(4.3.3) 1-5G°—G— jum(G) > 1

on the (big) étale site of S = Sk (G,X), where we view my(G) as an étale group
scheme over Sk, := Sko(G,X);,, and j is the closed immersion j : Sk, — S.

Lemma 4.3.4. Let j : Spd(F,) — Spd(Z,) denote the inclusion. There is a diagram
of short exact sequence of v-sheaves of groups over Spd(Z,)

1 —— go%/ > GO/ > Gemo(G) —— 1
1 y GO0 Go » jemo(G) —— 1.

Proof. Note that we can check exactness after base changing to Spd(ip). For
surjectivity of Qg/ — (j*ﬂo(g))zp, we observe that there is an open cover
P

Y

ngm(g)(Fp) Spd(Zp) — (j*wo(g))ip and a section Spec(Z,) — QZP for each

g € m(G)(F,). These induce sections Spd(Zp) — gg/ , and hence imply surjec-
P

tivity of g% — (j*ﬂo(g))zp. The kernel of this map can be identified with g%f/,

because the zero section Spd(Z,) — (j.mo (g))zp is an open embedding whose preim-

age in G% precisely recovers G>%/. The proof of the exactness of the second row is
identical. g

Proof of Proposition[{.3.3 The morphism mgr¢g induces a G-torsor P’ over
Sk (G, X); we will denote its pullback to Sk (G, X) by P. From the short exact
sequence , we see that the pushout P x9 J«m0(G) is a torsor for the sheaf of
abelian groups 7.mo(G). It suffices to construct a section of it over S. Indeed, given
such a section, the pullback along this section of the natural map P — P x9 j,m(G)
gives a reduction of P to a G°-torsor.
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By the 2-commutativity of the diagram (4.3.1) applied to G° — G, we have a
reduction of P? to a (G°)-torsor @ C PY. This gives an S%/-point of

PO X" juml(@) = PV % jumo(G) = (P x juma(@))”

where we used Lemma for the first isomorphism. We want to show that this
point is induced by an S-point of P x9 j,m(G).

We first observe that
(4.3.4) P x9 jomo(G) = i (ng xPis m(g)) .
From this it follows that
1O (89, (P %9 jmo(@)”) = HO (5, (P % 70(9)) ).

Let S}szrf denote the perfection of S,. It follows from the full-faithfulness of the
functor X +— X on perfect schemes, see [SW20), Proposition 18.3.1], that

H’ ( . <7)kE x I Wo(g))0> =H° (Slgzrf, (PkE w9k ﬂo(g)>perf) '

By topological invariance of the étale site, the right hand side identifies with
HO(Sk,, Pry x9%E mo(G)). But from (#.3.4) and the definition of j., we have

H (SkE,PkE x 9k g no(g)) =H° <S, G (PkE x 9k p wo(g)>> )

By combining these bijections, we obtain from the (G°)%-torsor Q an S-point of
P x9 j,m0(G), ie., a Go-torsor Q. Clearly Q% = Q, since both are the pullback of
PO along the same section of PO x9° 4«m0(G) over S9.

Thus we obtain the desired morphism 74R go, and it follows from the construction
that commutes. That mgr go recovers the canonical model of the standard
principle bundle on the generic fiber follows from the corresponding fact for mgr g.
Finally, it remains to show that mqr go is smooth. This can be checked after pullback
to the smooth cover Mg ,, — [Mg ,/G°], but here the map is given by

Q—P GLLEIGN Mg ..
While the first map is an open immersion and the second map is smooth by as-
sumption, the composition is smooth. This concludes the proof that mgr g is a
scheme-theoretic local model diagram for .#x- (G, X). O

4.3.5. 'We now combine Proposition [4.3.3| with Theorem to deduce the exis-
tence of scheme-theoretic local model diagrams for Shimura varieties of Hodge type
at parahoric level. For this we need the notion of a connected reductive group G
over Q, being acceptable, [KZ21l, Definition 3.3.2|, this is automatic if p > 5 or if
G splits over a tamely ramified extension of Q,. Similarly we need the notion of
G being R-smooth, see [DY24] Definition 2.10| and [KZ21l, Definition 2.4.3|, this is
automatic if G splits over a tamely ramified extension of Q, by [KZ21l, Proposition
2.4.6).
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Theorem 4.3.6. Let (G, X,G°) be a triple of Hodge type with G° a parahoric. If p is
coprime to 2 - (G) and the group G is acceptable and R-smooth, then .S+ (G,X)
admits a scheme-theoretic local model diagram.

Proof. Let us write G° as the relative identity component of a stabilizer Bruhat—Tits
group scheme G. Then under our assumptions Theorem [A-3.3] applies, see Remark
to produce a scheme-theoretic local model diagram for .7k (G, X). The result

is now a consequence of Proposition [£.3.3] O

4.4. Rapoport—Zink uniformization. Let the notation be as in Section [£.3] In
particular, G is a stabilizer Bruhat-Tits model of G over Z, with K, = G(Z,).
Denote by kg the residue field of O as before. For ¢ an algebraically closed field in
characteristic p together with a fixed embedding e: kg — £, write

Wog.e(l) = O @w(iy),e W)

as before. Then for b € G(W (¢)[1/p]) we have the v-sheaves Migrime, Mign{b’u’e and
we will also consider the image /\/liatb%é:m of /\/lié?c?yb%e — Mign,%,u,e'

Let © € Jk,(G,X)({), then its image under 7y defines a Spd(¢)-point b,
of Shtg,s—1. Let e : kg — [ be the map corresponding to = : Spec({) —
K, (G, X)y,, = Spec(kg), then attached to z is a base point

zo: Spd(f) = M. ...

given by the Spd(¢)-point of Shtg , corresponding to merys(x), see Remark In
fact, since 7merys(2) € Shtg , 5—1, our base point lies in Miatbz’%é:m(Spd(ﬁ)).

Theorem 4.4.1. If (G, X) is of Hodge type, then there ezists a uniformization map
@g7$: Mlgn,%z7u76:1’e % pr(G7 X);‘/OE,C(K)

sending the base point xg to x, which restricts to an isomorphism

OG0t MY, oty (P, (6 XD %p.

Moreover the composition of Og , with Terys
Mign})z,uﬁzl,e — pr(G7X)<I>/VoE7C(€) - Shtg,u XSpd(Og) Spd(WOE,e(g))
s 2-isomorphic to the natural map of Lemma|3.1.0

Remark 4.4.2. Under certain additional hypotheses on (G, X), it is conjectured
in [HK19, Axiom A] that (for ¢ = F,) there should be a uniformization map

/Vlign’tbz%e(ﬁp) - Sk, (G, X)(Fp). If IIg # 1, then such a map cannot up-

grade to a uniformization map as in Theorem [{.4.I] Indeed, the natural map
k,(G,X)° — Shtg,, factors through Shtg,s—1 by Remark while the nat-

ural map Mg‘%x e — Shtg, does not.
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Proof. The proof of [GLX23|, Corollary 6.3] goes throug}ﬂ with the following mod-
ification. In the notation of [GLX23| Section 3.4], we have an isomorphism, where
the right hand side is the local Shimura variety of level G(Z,) over Spd(E) associated
to (G7 bﬂv? :uv g(Zp))a

int

Mg,bm,u,cS:l,e XSpd(WoE,e(e)) Spd(WOE,e(Z)[l/p])
~ ShtG,bz,u,g(Zp) XSpd(E) Spd(WOE,E(g)[l/p])

see |PR22, Theorem 4.5.1]. This means that we can follow the construction in
IGLX23|, Corollary 3.11] to construct a map

G(@P>/Q(ZP> — T (Mi(_?,tbz,p,é:l,e) :

To show that this map is surjective, we use the commutative diagram

G(Qy)/G°(Zy) — mo (ME, )

| !

G(Q)/G(Zy) —— 7o (MBS s,

and the surjectivity of Mi&t’bz%e — Mign,tbz,u,ézl,e and G(Qp)/G°(Z,) —
™0 (Mgﬁf b Me), see |GLX23| Corollary 3.11| for the latter. With this in mind,
the rest of the proof of [GLX23, Corollary 6.3| goes through. O

Corollary 4.4.3. For z € S (G, X)(€) with image x € S, (G,X)({), there is a
uniformization map

. int o
egoaz : Mgloybmuuae - yK; (G’ X)WOE,S(E)

sending the base point xq to z, that restricts to an isomorphism

o — —

@go’zl Mign;c,bz,u,e/xo i) (yKI?(G’X)WOE,e(Z)/Z)O'

Proof. If we define Y (and Ogeo ) as the fiber product

Ogo .
Y —— 7i(6. X, L)

J |

. 0g
int z <o
MG b ps=1,c » T (G X))

1owe specifically mean the version of the proof linked in our bibliography, which differs from
the Arxiv version at the time of writing.
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then by concatenating fiber product squares (see the proof of Theorem [4.1.12| and
Theorem [4.2.3) we get a fiber product diagram

Y — > Shtgs,

l |

int
MG b ps=1,e » Shtg . 6=1.

It follows from the proof of Theor'em and Lemma that Y — Mgltbm po=1l.e
is isomorphic to Mg’;“ bose Mgltbz 6=1,¢> broving the corollary.
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APPENDIX A. ON SCHEME-THEORETIC LOCAL MODEL DIAGRAMS

In this appendix we flesh out the remark in [PR24 Section 4.9.2] that the local
model diagrams of [KZ21, Theorem 5.1.10|, [KP18, Theorem 4.2.7] and [KPZ24] give
scheme-theoretic local model diagrams for integral models of Hodge-type Shimura
varieties.

A.1. Some rational p-adic Hodge theory. Let X be a smooth rigid space over
a finite extension E of Q, with pro-étale site Xproet as in [Schl3, Definition 3.9].
We will consider the period sheaves IB%IR,BdR and OBgg, see [Sch13l, Definition 6.1,
Definition 6.8]. Let L be a de Rham Zy-local system of rank n on Xpr0st. Associated
to L is a filtered vector bundle with integrable connection Dgr(L) = (&,Fil®, V)
on Xg satisfying Griffiths transversality, see |[LZ17, Theorem 3.9]. We have two
IB%(J{R—lattices on Xprost:

M:=L®g, Blg, and My:=(Dar(L)®oy OBV

Here for the construction of M, we take flat sections for the induced connection
V=Vprw @id+id® VOBCTR' Also, by [PR24] Definition 2.6.4, Proposition 2.6.3,

Proposition 2.5.1], there is an induced shtuka ¥1, of rank n on X0,

Let S = Spa(R, R") be an affinoid perfectoid space of characteristic p together
with a map f : S — X corresponding to an untilt S? and a map f : S — X.
Note that by construction of 71, the completion of 71, (resp. Frobg?71,) along S #is
canonically identified with f*M (resp. f*Mj), where these pullbacks are defined as
in the proof of [PR24, Proposition 2.6.3]. We equip Frob¥g ”i/]L‘ g¢ With a decreasing
filtration such that (the Tate twist can be ignored)

Fil ™" (Frob 71| ;) = M N Fil'(Mo) /M N Fil'*! (M) (—i).

Lemma A.1.1. There is a natural isomorphism between filtered vector bundles

DdR(]L)Sﬁ and FI“Ong ﬂj/LlSﬁ .

Proof. The underlying vector bundle of Dyr(L)|x,,. can be recovered from My by
taking Oth graded piece, see the discussion after the proof of [Sch13, Lemma 7.7]|.
Its filtration can be recovered from the relative position of M and My, as explained
in [Sch13l, Proposition 7.9]. Since F]rob*s”f/ﬂsn = gr'(My), by comparing with the
formula in [Sch13, Proposition 7.9], we see that it agrees with Dgr (IL)|g: as filtered
vector bundles. This identification is moreover natural in S. O

Note that Lemma gives us a 2-commutative diagram of tensor functors
(discarding the connection on Dgg(—))

{de Rham Z,-local systems on Xprost } PR {Shtukas on X <>}

[ |

{Filtered vector bundles on X4} —— {Filtered vector bundles on X¢}.
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Here PR is the (exact) tensor functor of [PR24, Definition 2.6.4|, and the right
vertical arrow takes a shtuka ¥ on X to Frobk ”//L} g as in Lemma

A.1.2. Now suppose that X = Z?" for a smooth FE-scheme Z, and that there is an
abelian scheme 7 : A — Z of relative dimension g such that L. == Rlﬂ'*’proét@. Then
as explained in [PR24] Example 2.6.2],

Dar(L) = (Hgr(A/X), Filfig,),
where HéR(A /X)) denotes the first relative de Rham cohomology of 7, equipped with
its Hodge filtration Fil'Hdg. To be precise, there is a natural surjective map of vector

bundles H{®(A/X) — Lie(A") with kernel Filjz,. Note that it follows from [CSI7,

Proposition 2.2.3| that My C M. We let recall the element & € ]B%:{R generating ker 6,
see [Sch13l Section 6].

Lemma A.1.3. We can identify EM C Mg with the kernel of the map
My — Hlz(A/X) — Lie(AY)

Proof. Note that the Hodge filtration on Hjg (A/X) only has two jumps. The lemma
now follows from the explicit formula of the filtration above. ([l

Let A = Z," and let Py = Isom (A ®z, Ox, Hiz(A/X)) be the frame bundle
of Hiz(A/X). Let Gry be the Grassmannian of g-dimensional quotients of A
considered as scheme over Zj,. Then there is a map of adic spaces

mar : P — Gy g

defined using the natural quotient map A ®z, Ox = Hig(A/X) — Lie(AY).

A.1.4. We adopt the notation from above. Let ¥ be the vector bundle shtuka
induced from L. Then by Lemma ¥ is minuscule of height 2¢g and dimen-
sion ¢ in the sense of [PR24, Definition 2.2.2|. By [PR24, Lemma 2.4.4], we can
think of it as a GL(A)-shtuka bounded by the cocharacter p, = (1(9,009)). Since
GL(A) is a reductive group, we may identify the local model Mqr,s),,, With the
flag variety Grg a of g-dimensional quotients of A as Opg-schemes (see [AGLR22, Ex-
ample 4.12] and [SW20, Proposition 19.4.2]). We consider the diamond associated
to the local model M%L( Mg 852 closed subfunctor of the Beilinson—Drinfeld affine

Grassmannian Grgr,a) for GL(A).

On the generic fiber (base changed to E), the isomorphism M%L( A)pig = Grr;> AE

is induced by the Bialynicki-Birula map, see [SW20, Proposition 19.4.2].
A.1.5. Let the notation be as in Section We can define a GL(A)%-torsor of

trivializations Py over X© via
(S = X% — Isomo , (A ®z, Ogt, ¢*7/‘sn)'

Lemma implies that there is a canonical isomorphism of GL(A)¢-torsors over
X0
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PX = Pa.
Applying the construction of [PR24, Section 4.9.1], we get a diagram

¢ O
XV +— Pp — MGL(A)M’E.

The right arrow is GL(A)%-equivariant, and following the notation in loc. cit., it
is constructed by (locally on S) lifting a section of Py to an isomorphism over
St = Spec(@sk Spazp7sﬁ)7 and then send it to the triple

—1

¢ «
(Sﬂ’ YV, o /7/‘5‘3\511 Tﬂi/> Frob 7/|§E\Sﬁ ~A Xz, Osu) S GrGL(A),E(S)-

Its image lies in the minuscule Schubert cell M%L(A)#g’E = GrgLA)u,, - By
Lemma we have the following compatibility.

Proposition A.1.6. The diagram below commutes, where the vertical isomorphisms
are the ones from Sections|A.1.5 and|A.1.4)

O
X0 Pf MGLa) .5
X0 Py Gl g

A.1.7. Now let (G,X) be a Shimura datum with Hodge cocharacter p and reflex
field E satisfying . Let v|p be a place of E, E := E,, and G be a parahoric
model of G over Q,. Let K, = G(Z,) and K = KPK,, for KP C G(A?) a neat
compact open subgroup. We now specialize the previous section to the situation
that X = Shg(G,X)™. Then there is a pro-étale G(Zp)-torsor P — X which is de
Rham in the sense of [PR24], Definition 2.6.5|, see [PR24] Section 4.1]. This gives us
an exact tensor functor

Ly : Repz, G — {de Rham Z,-local systems on Xprost }
W s P x9Z) yy,

The composition Dgr o L, defines a G**-torsor P on X via the Tannakian for-
malism. It thus follows from Lemma that the G%-torsor P® on X ¢ is naturally
isomorphic to the G¥-torsor Ppr induced by the G-shtuka over X 0 coming from L.
We note that since the filtered vector bundles in the essential image of Dgr o L,
are equipped with a decreasing filtration of type u, the torsor P has a canonical
reduction of structure group to the standard parabolic attached to pﬂ see |[LZ17,
Remark 4.1(i)]. Therefore it admits a map P — Flg, = (G/P5)%. On the
other hand, similar to what we have explained in Section the construction in

16We follow the convention in [CS17, Section 2.1] for parabolics attached to cocharacters.
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[PR24, Section 4.9.1] gives a map Ppr — Grg g with image in the Schubert cell
Groue = Mg W Moreover, the following diagram is commutative,

O Q
XY ¢— Ppp — Mg’%E

Foo ]

X0« PO Fle

where the rightmost vertical arrow is induced by the Bialynicki-Birula map. Note
that there is also an exact tensor functor (the canonical construction)

L : Repy, G — {Filtered vector bundles on X},

see |[DLLZ23, Proposition 5.2.10|. It follows from [DLLZ23, Theorem 5.3.1] that
there is a natural isomorphism of tensor functors

L = Dgr oL,.

Thus the G-torsor Pyr on X corresponding to £ via the Tannakian formalism, is
naturally isomorphic to the G%-torsor Ppr induced by the G-shtuka over X¢ coming
from L,. This isomorphism is moreover compatible with filtrations and thus with

o
the map to Mg,u,E'

A.2. Some integral p-adic Hodge theory. Let S* = Spa(R*, R*t) be an untilt
of an affinoid perfectoid space S = Spa(R, R") in characteristic p and let 2 be
the completion of an abelian scheme over R'" with associated p-divisible group
Y = A[p>]. By [SW20, Theorem 17.5.2|, we can associate to Y a finite free W(R™)-
module M (Y') equipped with an isomorphism

orr s "M (Y)[1/d(E)] — M(Y)[1/(€)]
such that

M(Y) C bu (9" M(Y)) C 5igM(Y).

Here ¢ is a generator of the kernel of W(R') — R¥. Let M(Y)* denote the
W (R™)-linear dual of M(Y'), which we will equip with the isomorphism ¢+ given
by the inverse of the W (R™)-linear dual of ¢p;. This is the (contravariant) prismatic
Dieudonné module of Y and it satisfies

EM(Y)" C our+(¢"M(Y)") € M(Y)".

By restriction along Sx SpaZ, — Spec W(R™"), it gives rise to a minuscule vector
bundle shtuka with one leg at S*.

Lemma A.2.1. There is a canonical isomorphism
M(Y)" @w(r+) R 5 Hip(A/R)

compatible with base change.
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Proof. We may identify M (Y)* with the ¢-pullback of the relative prismatic coho-
mology of 2 using [ALB23, Corollary 4.63, Proposition 4.49]@ The comparison
isomorphism now follows from [BS22, Theorem 1.8.(3)]. O

A.2.2. For a characteristic zero untilt R¥, we want to compare the isomorphism of
Lemma with the isomorphism of Lemma We will do this under the
assumption that 2 is the pullback of a formal abelian scheme f : B — X over a
smooth formal scheme X/Of for some discrete valued field K/Q, (which will be the
case in our situation since the Siegel modular variety is smooth). Denote the special
fiber of X by X, and the rigid generic fiber of X by X, and similarly for 98.

Note that the F-isocrystal & on X; obtained by the contravariant Dieudonné
crystal of B, is associated to the vector bundle with flat connection (E,V) :=
(R far.+OB, Vi) (Ve denotes the Gauss-Manin connection) on X, in the sense
of |GR24, Proposition 2.17]. Then the proof of Proposition 2.36.(i) in loc. cit.
shows that E ®o, OIBIR equipped with the product connection is isomorphic to
Bl (E) Ogt OBy, id ® VOBCTR)' In particular, we have a natural identification of
the horizontal sections

On the other hand, under the prismatic—crystalline comparison [BS22, Theorem
1.8(1)], we have that

(A.2.1) B (€)(5%) = Aarys(€) @iy, Bl (5%)

= R ferys,sO Oy B (5

S P H' (A ger) @(re) Bl (Sh)

= M(Y)* @ g+ Big(R).
Here pi+ denotes the perfect prism (W(R™), kerf = (£)). Note that the definition
of the de Rham period sheaves in [GR24| differs from ours by a Frobenius twist,

see Definition 2.3, Warning 2.4 in loc. cit., but their arguments work verbatim. We
conclude that the following diagram commutes (cf. [IKY23, Lemma 2.18])

M(Y)* ——— M(Y)* @ (p+) Bi: (RY)

HéR(A/Rﬁ) ¢ Mpy(SH).
Here the left vertical map is the map from Lemma composed with inverting p

and the bottom horizontal map is the map from Lemma The right vertical
map is the comparison isomorphism from equation ((A.2.1)).

17In [ALB23, Proposition 4.49], the Frobenius twist is hidden in the notation € = ¢(&).
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A.2.3. The discussion in Section[A.2.2|above implies an integral version of the result
in Section [A-T.5} Following the notation in Section [A7T.2] Suppose A — X is the
rigid generic fiber of a family of formal abelian schemes 2 — X, for some smooth
formal scheme X over SpfOp. By descending the relative (contravariant) prismatic
Dieudonné crystal of the pullback of 2 to integral perfectoids over X, one has a
vector bundle shtuka ¥ over X¢. We can define a GL(A)%-torsor of trivializations
Py over X9 via

(8 = %% — Isomo , (A ®z, Ogt, qﬁ*”f/}sn).

Similarly, one can consider the frame bundle Py of H} (2/X). Lemma implies
that there is a canonical isomorphism P§ x GLA GLX = Pa of GL(A)®-torsor over
x0.

Repeating the procedure in Section we get a commutative diagram (note
that we get a GL{-torsor over X9 because the frame bundle is a torsor for the p-adic
completion of GLa whose associated big diamond () gives GLS)

GL(A), g
y I

%9 +—— Py xS GLY, —— Grd

x0 ¢ Pa M

By the discussion in Section [A.2.2] it is compatible with the one in Proposition

when passing to the generic fiber.

A.3. Shimura varieties of Hodge type. We follow the notation in the proof of
Theorem . In particular, we have (G,X,G) with G a stabilizer Bruhat—Tits
group scheme, a Hodge embedding ¢ : (G,X) — (Gy,Hy ). We may moreover take
a Zp-lattice A C Vg, on which 9 is Zy-valued, such that G (Zp) is the stabilizer in
G(Q,) of V, ®z, Z,. Assume moreover that the Hodge embedding ¢ is good for
(G, X,G) with respect to A in the sense of [KZ21, Definition 3.3.15|, which means
that the natural maps

G — GL(A) and Mg, — Grga
are closed immersions@

Remark A.3.1. If p is coprime to 2 - w1 (G9°") and G is acceptable ([KZ21l, Defini-
tion 3.3.2|) and R-smooth (|[DY24, Definition 2.10]), then a good Hodge embedding
always exists, see [KZ21, Lemma 5.1.3]. By Zarhin’s trick, see [Kis17, Section 1.3.3],
we may moreover replace A by A9* @ AV:®4 to assume that A is self dual. The
resulting Hodge embedding is then still good with respect to A.

18The local models used by |KZ21| agree with ours because theirs also satisfy the Scholze—
Weinstein conjecture (which means that they have the correct associated v-sheaf), see [KZ21
Proposition 3.3.10].
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A3.2. Let Pyv — Zk(G,X) be the GL(AY)-torsor parametrizing trivialisations of
the de Rham cohomology of the universal abelian variety (up to prime-to-p isogeny)
coming from ¢. Then there is a morphism Pyv — Grgav 0, as in Section
By the proof of [KZ21l, Theorem 5.1.10|, there is a G-torsor P — .# (G, X) together
with a G-equivariant map P — Pyv such that the composition

P — Pyv — Grg,AV,OE

factors through Mg , via a smooth map. To compare with the constructions in
[PR24], which considers the GL(A)-torsor of isomorphisms from the de Rham homol-
ogy to A (rather than cohomology to AY), we push out along the natural isomorphism
GL(AY) — GL(A) and obtain a GL(A)-torsor Py with a diagram

y]{(G, X) +— Py — Grg,A,(’)E-
As before we have a G-torsor P C Py such that the above diagram restricts to
yK(G,X) ~— P— Mg#,

where the left arrow is a G-torsor and the right arrow is smooth and G-equivariant. It
moreover follows from the construction that its generic fiber comes from the canonical
model of the standard principal bundle, see the discussion in the proof of [CS1T7,
Lemma 2.3.5|. Let us write

mar,G: LKk (G, X) — [Mg . /G]

for the induced smooth morphism of algebraic stacks.

Theorem A.3.3. If the Hodge embedding v is good for (G, X, G) with respect to a self-
dual lattice A, then the morphism mar g s a scheme-theoretic local model diagram.

For the proof of Theorem we will need the following two lemmas.
Lemma A.3.4. Let % be a v-sheaf which is separated over Spd(Zy). For any normal

scheme X which is flat, separated and of finite-type over Z,, the natural restriction
map

Homgpq(z,) (XY, %) — HomSpd(Qp)(X(gpa %,)
15 1njective.
Proof. This follows from the density of |X<(<£p| C |X%/|, which in turn follows from
the density of [(X°)g,| C |X°| (see [AGLR22, Lemma 2.17]). O

Lemma A.3.5. The quotient v-sheaf GL(A)°/G® is separated over Spd(Z,).

Proof. By [HdS21, Lemma 6.17], there is a finite free representation W of GL(A) and
a free rank-one saturated Z,-submodule L C W for which G is the scheme-theoretic
stabilizer of L inside of GL(A). It follows that there is a morphism of v-sheaves

(A.3.1) GL(A)°/G — P(W)°,

defined at the level of presheaves by [g] — ¢ - L. We claim this is a monomorphism.
Indeed, suppose S is a perfectoid space in characteristic p, and that a,b: S —
GL(A)?/G® are two morphisms which agree after the composition to P(W)¢. After
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replacing S by a v-cover, we may assume a and b factor through morphisms a,
b: S — GL(A)°. Since a and b agree after the composition to P(W)?, and G is the
stabilizer of L, it follows that a - b1 factors through G; thus a = b.

Since (A.3.1]) is a monomorphism, its diagonal is an isomorphism, and therefore
is separated. Now P(W) is proper over Spec(Z,), so P(W)¢ = P(W)°, and
hence P(W)® — Spd(Z,) is separated by [Gle20, Proposition 4.17]. The result
follows. O

Proof of Theorem[A.3.3. We start by identifying
PO/ 5% go

with the G%-torsor coming from the map .7k (G, X)O/ — Shtg ,,. We first check that
this holds after composing with Shtg , — Shtqra),,, and pushing out via

G% — GL(A)°.

The latter result is true over Sh (G, X)<> by Proposition Moreover, by Sections

|A.2.2|and [A.2.3] it is true over .Zk (G, X)ﬂ such that induced isomorphisms agree
0/

on (S (G,X)%) , so they glue to an isomorphism over .7 (G, X)

Next, we check that the induced G-torsors agree: after trivializing the induced
GL(A)-torsor, which we may do Zariski locally on . (G, X), we are trying to show
the equality of two morphisms YK(G,X)O/ — GL(A)?/G°. By Lemma and
Lemma it suffices to check this after base change to the generic fiber, where
the result follows from the discussion in Section [A.T.7]

Finally, we check that, under this identification, the maps to the local model
agree. But Mg , is projective and hence proper over Spec(Og), so Mg,u — Spd(Og)
is separated by [Gle2(), Proposition 4.17]. By another application of Lemma m
it suffices to check the morphisms agree after base change to the generic fiber, where
the result follows from the discussion in Section [ATI.7] Together with the results
implied by [KZ21, Theorem 5.1.10] discussed above, this concludes the proof that
TdR,G 1S a scheme-theoretic local model diagram. O

19The discussion there assumes that our (formal) abelian scheme comes via pullback from a
(formal) abelian scheme over a smooth (formal scheme). This assumptions holds here since A is
self dual and thus the integral model of the Shimura variety for (Gy, Hy) is smooth.
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